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ON A VARIETY RELATED TO THE COMMUTING VARIETY OF A REDUCTIVE LIE 

ALGEBRA. 

JEAN-YVES CHARBONNEL 


Abstract. For a reductive Lie algbera over an algbraically closed field of charasteristic zero, we consider a 
Borel subgroup B of its adjoint group, a Cartan subalgebra contained in the Lie algebra of B and the closure X 
of its orbit under B in the Grassmannian. The variety X plays an important role in the study of the commuting 
variety. In this note, we prove that X is Gorenstein with rational singularities. 
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1. Introduction 

In this note, the base field k is algebraically closed of characteristic 0, g is a reductive Lie algebra of finite 
dimension, {is its rank, dimg = £ + 2n and G is its adjoint group. As usual, b denotes a Borel subalgebra of 
g, f) a Cartan subalgebra of g, contained in b, and B the normalizer of b in G. 

1.1. Main results. Let X be the closure in Grf(g) of the orbit of f) under the action of B. By a well known 
result, G.X is the closure in Gr^(g) of the orbit of f) under the action of G. By [Ri79], the commuting variety 
of g is the image by the canonical projection of the restriction to G.X of the canonical vector bundle of rank 
2£ over Gr;(g). So X and G.X play an important role in the study of the commuting variety. As it is explained 
in [CZ16], X and G.X play the same role for the so called generalized commuting varieties and the so called 
generalized isospectral commuting varieties. The main result of this note is the following theorem: 

Theorem 1.1. The variety X is Gorenstein with rational singulatrities. 

An induction is used to prove this theorem. So we introduce the categories Cj and Ct with f a commutative 
Lie algebra of finite dimension. Their objects are nilpotent Lie algebras of finite dimension, normalized by 
t with additional conditions analogous to those of the action of f) in u. In particular the minimal dimension 
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of the objects in Ct is the dimension of t and an object of dimension dimt is a commutative algebra. The 
category Ct is a full subcategory of CJ. For a in C^, we consider the solvable Lie algebra r t + a and R the 
adjoint group of r. Denoting by Xr the closure in Grdimt(i') of the orbit of t under R, we prove by induction 
on dimo the following theorem: 

Theorem 1.2. The variety Xr is normal and Cohen-Macaulay. 

The result for the category Cj is easily deduced from the result for the category Ct by Corollary 2.2. One 
of the key argument in the proof is the consideration of the fixed points under the action of R in Xr. As a 
matter of fact, since the closure of all orbit under R in Xr contains a fixed poinf, Xr is Cohen-Macaulay if so 
are fhe fixed poinfs by openness of fhe sef of Cohen-Macaulay poinfs. Then, by Serre’s normality criferion, 
if suffices fo prove fhaf Xr is smoofh in codimension 1. For fhaf purpose fhe considerafion of fhe resfricfion 
fo Xr of fhe faufological vector bundle of rank dimt over CrdimtCt) is very useful. 

For the study of the fixed points, we introduce Property (P) and Property (Pi) for the objects of Cj: 

• Property (P) for o in Cj says that for V in Xr, contained in the centralizer of an element 5 of t, F 
is in the closure of the orbit of t under the centralizer R^ of s in R, 

• Property (Pi) for o in CJ says that for V in Xr normalized by t and such that F n t is the center of r, 
then the non zero weights of t in F are linearly independent. 

Property (Pi) for a results from Property (P) for a and Property (P) for a results from Property (Pi) for a 
and Property (P) for the objects of Cj of dimension smaller than dim a. So, the main result for the objects of 
Cj is the following proposition: 

Proposition 1.3. The objects of Cj have Property (P). 

From this proposition, we deduce some structure property for the points of Xr. 

The second part of Theorem 1.1, that is Gorensteinness property and Rational singularities, is obtained 
by considering a subcategory St,* of Ct. This category is defined by an additional condition on the objects. 
The main point for a in Ct,* is the following result: 

Proposition 1.4. Let k ^ 2 be an integer. Denote by the R-equivariant vector subbundle of Xr x 
whose fiber at t is t^. Then there exists on the smooth locus of a regular differential form of top degree 
without zero. 

From Proposition 1.4 and Theorem 1.2, we deduce that and Xr are Gorenstein with rational singular¬ 
ities. 

This note is organized as follows. In Section 2, categories C[ and Ct are introduced for some space t. In 
particular, u is an object of Cf,. In Subsection 2.3, we define Property (P) for the objects of Cj and we deduce 
some result on the structure of points of Xr. In Subsection 2.4, we define Property (Pi) for the objects 
of Cj and we prove that Property (P)i is a consequence of Property (P). In Subsection 2.5, we give some 
geometric constructions to prove Property (P) by induction on the dimension of o. At last, in Subsection 2.6, 
we prove Proposition 1.3. In particular, the proof of [CZ16, Lemma 4.4,(i)] is completed. In Section 3, we 
are interested in the singular locus of Xr. In Subsection 3.3, regularity in codimension 1 is proved with some 
additional properties analogous to those of [CZ16, Section 3]. Moreover, the constructions of Subsection 2.5 
are used to prove the results by induction on the dimension of a. In Section 4, Cohen-Macaulayness property 
is proved by induction. In Section 5, the category Ct,* is introduced and Proposition 1.4 is proved. Then 
with some results given in the appendix, we finish the proof of Theorem 1.1. 
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1.2. Notations. • An algebraic variety is a reduced scheme over k of finite type. For X an algebraic variety, 
its smooth locus is denoted by Asm. 

• Set k* k \ {0}. For V a vector space, its dual is denoted by V*. 

• All topological terms refer to the Zariski topology. If F is a subset of a topological space X, denote by 
Y the closure of Y in X. For Y an open subset of the algebraic variety X, Y is called a big open subset if the 
codimension of A \ F in A is at least 2. For F a closed subset of an algebraic variety A, its dimension is the 
biggest dimension of its irreducible components and its codimension in A is the smallest codimension in A 
of its irreducible components. For A an algebraic variety. Ox is its structural sheaf, k[A] is the algebra of 
regular functions on A, k(A) is the field of rafional funclions on A when A is irreducible and Q.x is the sheaf 
of regular differential forms of top degree on A when A is smooth and irreducible. 

• If £■ is a subset of a vector space V, denote by span(£') the vector subspace of V generated by E. The 
grassmannian of all d-dimensional subspaces of V is denoted by Grj(F). 

• For a a Lie algebra, F a subspace of a and x in a, denotes the centralizer of x in F. For A a subgroup 
of the group of automorphisms of a, A^ denotes the centralizer of x in A. An element x of g is regular if g^ 
has dimension t and the set of regular elements of g is denoted by g^g. 

• The Lie algebra of an algberaic torus is also called a torus. In this note, a torus denoted by a gothic 
letter means the Lie algebra of an algebraic torus. 

• For a a Lie algebra, the Lie algebra of derivations of a is denoted by Der(a). By definition Der(a) is the 
Lie algebra of the group Aut(o) of the automorphisms of a. 

• Let b be a Borel subalgebra of g, b a Cartan subalgebra of g contained in b and u the nilpotent radical of 
b. 


2. On solvable algebras 

Let t be a vector space of positive dimension d. Denote by Ct the subcategory of the category of finite 
dimensional Lie algebras whose objects are finite dimensional nilpotent Lie algebras a such that there exists 
a morphism 

(Pa 

t- - -^ Der(o) 

whose image is the Lie algebra of a subtorus of Aut(a). For o and a' in Ct, a morphism tjj from a to a' is a 
morphism of Lie algebras such that t]jotp^{t) - (p^, {t)ot]j for all t in t. For x in t, x is a semisimple derivation 
of a. Denote by the set of weights of t in a. Let Cj be the full subcategory of objects a of Ct verifying 
the following conditions: 

(1) 0 is not in fRt.a. 

(2) for a in the weight space of weight a has dimension 1, 

(3) for a in fkt^n, ka n (fRt.a \ {<^1) is empty. 

For a in C^ and a' a subalgebra of a, invariant under the adjoint action of t, a' is in C^. Denote by Ct the full 
subcategory of objects a of C^ such that pa is an embedding. For example u is in Cj,. 

For a in Ct, denote by rt^a the solvable algebra t -i- a, 7rt,a the quotient morphism from to t, Rt a the 
adjoint group of rt_a> At^a the connected closed subgroup of R^a whose Lie algebra is ad a, Arj^ the closure 
in Gr^(rt_a) of the orbit of t under Rt a and £t,o the restriction to Arj^ of the tautological vector bundle over 
Grd(rt^a)- The variety Ar^^ is called the main variety related to rt_a. For a in 3Jt,a. let a" be the weight space 
of weight a under the action of t in a. 
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In the following subsections, a vector space t of positive dimension d and an object a of are fixed. We 
set: 

:= fi.o R ■= Rt,a, A := A^a, ni^dimo. 

Let 3 be the orthogonal complement of IK in t and (f its codimension in t. Then (f. 

2.1. General remarks on C'. For v in r, we say that v is semisimple if so is adv and v is nilpotent if so is 
adv. For s a commutative subalgebra of r, we say that s is a torus if ads is the Lie algebra of a subtorus of 
GL(r). 

Lemma 2.1. Let x be in r and s a commutative subalgebra ofx. 

(i) The center ofx is equal to 3 . 

(ii) The element x is semisimple if and only ifR.x n t is not empty. 

(iii) The element x is nilpotent if and only if x is in 3 + a. 

(iv) The algebra a is in Ct if and only ifl = {0}. In this case, x has a unique decomposition x = x^ + x^ 
with [xs, Xn] = 0 , Xs semisimple and Xn nilpotent. 

(v) The algebra s is a torus if and only if 5 (1 a = {0} and n{s) is a subtorus oft In this case, s and 7 r(s) 
are conjugate under R. 

Proof. By definition adrt^Q is an algebraic solvable subalgebra of gl(rt,a) and adt is a maximal subtorus of 
adrt,a. 

(i) Let 3 ' be the center of r. As [t, 3 '] = {0}, 

3 ' = 3 ' n t © 0 3 ' n a“. 

aetk 

So, by Condition (1), 3 ' is contained in t. For t in t, t is in 3 ' if and only if a{t) = 0 for all a in whence 
f = 3- 

(ii) As the elements of t are semisimple by defintion, the condition is sufficient since the set of semisimple 
elements of r is invariant under the adjoint action of R. Suppose that x is semisimple. By [Hu95, Ch. VII], 
for some g in R, Ad^(x) is in adt, whence g{x) is in t by (i). 

(iii) As ad a is the set of nilpotent elements of adr, x is in 3 + a if and only if it is nilpotent by (i). 

(iv) By definition, 3 is the kernel of (pa. Hence 3 = {0} if and only if a is in Ct. As adr is an algebraic 
subalgebra of gl(r), it contains the components of the Jordan decomposition of adx. As a result, when 0 is 
in Ct, X has a unique decomposition x = Xs + Xn with [xg, Xn] = 0, Xg semisimple and Xn nilpotent. 

(v) Suppose that s is a torus. By (i), s n a = {0} and by [Hu95, Ch. VII], for some g in R, adg'( 5 ) 
is contained in adt since adt is a maximal torus of adr. Then, by (i), ^(s) is a subtorus of t. Moreover, 
^(s) = n{5) since g{y) - i/ is in a for all y in r. Conversely, if s n a = {0} and n'(s) is a subtorus of t, ads is 
conjugate to the subtorus ad 7 r(s) of adt by [Hu95, Ch. VII] so that s and 7 r( 6 ) are conjugate under R. □ 

Denoting by t* a complement to 3 in t, a is an object of Ct# since </5a(t) = Tail-*) and the restriction of (pa 
to t* is injective. Set x* t^ + a and denote by R* the adjoint group of r*. Let be the closure in Cr^#(r*) 
of the orbit of t^ under R*. 

Corollary 2.2. All element ofX^ is a commutative algebra containing 3 . Moreover, the map 

Xr* - ^Xr, V^V©3 


is an isomorphism. 
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Proof. As the set of commutative subalgebras of dimension d of r is a closed subset of Grrf(r) containing t 
and invariant under R, all element of Xr is a commutative algebra. According to Lemma 2.1(i), all element 
of R.i contains 3 and so does all element of Xr. For g in R, denote by 'g the image of g in R^ by the resttiction 
morphism. Then 

0 (t) ^ g{i^) + 3 and g{f) = ^(t) n r*. 


Hence the map 

Xr, --Xfi, 1/^F©3 


is an isomorphism whose inverse is the map F i-> F n r*. 


□ 


For a of dimension (f, "Ji {fli,... and for I subset of {1,..., d*}, denote Xrj the image of by 
the map 

k^- ^ Xr , (zi, / e 7) I—> 3 © span({h + ZiXt, i e /)) © ^ 

m 

with Xi in 0 ^' for / = . .,(f and fi,..., in t such that = dig for 1 < i, j < d^, with Sij the 

Kronecker symbol. 

Lemma 2.3. Suppose that a has dimension (f. Denote by /3i,... ,/3j# the elements of 01. 

(i) The algebra a is commutative. 

(ii) The set Xr is the union of Xrj, 7 c {1, ■ ■ ■, <7*}- 


Proof, (i) As 3 has codimension <7* in t, /3i,... ,/3^# are linearly independent. Hence for i t j, /?/ + Pj is not 
in 37. As a result, a is commutative. 

(ii) According to Corollary 2.2, we can suppose d = (f so that t\,.. .,tdis the dual basis of /3i,... ,Pd. 
For 7 subset of {1,. ■., <7), denote by 7' the complement to 7 in {1, • ■ •, <7) and 3 /' the orthogonal complement 
to Pi, i € 7' in t and set: 

V, := 3/' © 0 a^'. 
ier 

By (i), for i in 7, 


exp(ziad.ri + • • • + Zdadxj){ti) = h - ZiXt. 


Hence Xr j is the orbit of F/ under A and its closure in Xr is the union of Xr j, 7 c 7. As a result, Xr is the 
union of Xrj, 7 c {1, ■ • ■, <7} since X/? |i is the orbit of t under A. □ 


2.2. On some subsets of 37. For a in 37, let Xa be in a“ \ (0). For A subset of 37, denote by tA the intersection 
of the kernels of its elements and set: 


Oa := a" and ta := t © Oa. 
aeA 

When A has only one element a, set to- Ia. 


Definition 2.4. Let A be a subset of 37. We say that A is a complete subset of 37 if it contains all element of 
37 whose kernel contains tA 


For A complete subset of 37, Ua is a subalgebra of a and is a subalgebra of r. In particular, Oa is in Q[. 
In this case, denote by R\ the connected closed subgroup of 7? whose Lie algebra is adtA. 

Lemma 2.5. Let A. be a complete subset of 37, strictly contained in 37. Then Oa is contained in an ideal a' 
oft of dimension dim a — 1 and contained in a. 
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Proof. As A is complete and strictly contained in 31, oa is a subalgebra of r, strictly contained in o. Then, 
by Lie’s Theorem, there is a sequence 

CtA — • • • C — Cl 

of subalgebras of r such that a, is an ideal of codimension 1 of a,+i for / = 0 , ...,m - 1 , whence the 
lemma. □ 

For s in t, denote by A^ the subset of elements of 3? whose kernel contains s. 

Lemma 2.6. Let s be in t. 

(i) The centralizer r* of s in r is the direct sum oft and Oa^. 

(ii) The center ofP is equal to tA^. 

Proof By definition, A^ is a complete subset of 3J. Let x be in r. Then .r has a unique decomposition 

Xo + ^ CaXa 
aetk 

with .To in t and c„, a € 3? in k. 

(i) Since s is in t, .r is in r-* if and only if Cq. = 0 for a e 3? \ A^, whence the assertion. 

(ii) The algebra qa, is in CJ and Ia, is the orthogonal complement to A^ in t. So, by (i) and Lemma 2.1(i), 

tA^ is the center of r^. □ 

2.3. Property (P) for objects of Sf Let T be the connected closed subgroup of R whose Lie algebra is adt. 
For s in t, denote by the subset of elements of Xr contained in r' and RLt the closure in Gr^(r) of the 
orbit of t under RL Then RLi is contained in A^. 

Definition 2.7. Say that a has Property (P) if A^ is equal to RLi for all s in t. 

By Corollary 2.2, a has Property (P) if and only if the object a of Ct# has Property (P). 

Lemma 2.8. If a has dimension d^, then o has Property (P). 

Proof According to Corollary 2.2, we can suppose d = d^. Denote by /3i,... the elements of fR. Then 
jSi,... ,/?rf is a basis of t*. Let ti,..., td be the dual basis, 5 in t and V in A^. By Lemma 2.3(ii), for some 
subset / of {1, ■. ■, cf), F is in Xr /. Then for some (z,, i e I), 

V = span({t,- + ZiXi i £ /)) © (/' 

iel' 

with P the complement to / in {1, • • •, and xi in o^' for / = 1, ■ ■ ■, d. Setting 

I" := /' U {/ £ 7 I z; t 01, 

for / in {1,. ■., d], i is in I" if and only if Pfs) = 0. So, by Lemma 2.5(i), 

F - t© (/'. 

iel" 

Then by Lemma 2.3(ii), V is in 7?-' .t. □ 

By definition, an algebraic subalgebra f of r is the semi-direct product of a torus s contained in t and t n a. 

Lemma 2.9. Suppose that a has Property (P). Let V be in Xr, x in V and y in r such that ady is the 
semisimple component of ad x. Then the center ofx^ is contained in V. 
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Proof. By Corollary 2.2, we can suppose a in St so that y is the semisimple component of x by Lemma 2.1 (iv). 
By Lemma 2.1(ii), for some g in R, g{y) is in t. Denote by 3 ^(y) the center of By Lemma 2.6(ii), 3 ^(y) 
is contained in t. As L is a commutative algebra, g{V) is in So, by Property (P), ^g(y) is contained in 
g{V) since 3 ^(y) is in ^(t) for all k in whence the lemma. □ 

Corollary 2.10. Suppose that o has Property (P). Let V be in Xr. Then V is a commutative algebraic 
subalgebra oft and for some subset A of% the biggest torus contained in V is conjugate to Ia under R. 

Proof According to Corollary 2.2, L is a commutative subalgebra of r and we can suppose d - d*. Let s be 
the set of semisimple elements of V. Then s is a subspace of V. By Lemma 2.9, V contains the semisimple 
components of its elements so that V is the direct sum of s and Lno. Let 5 be in s such that the center of has 
maximal dimension. After conjugation by an element of R, we can suppose that s is in t. By Lemma 2.6(ii), 
tA, is the center of r^. Hence, by Lemma 2.9, tA, is contained in s. Suppose that the inclusion is strict. A 
contradiction is expected. Let s' be in s \ Ia^. Since V is contained in r'*, for some g in Rf g{s') is in t. 
Moreover, ^(s) is the set of semisimple elements of g{V) and tA, is contained in ^(s). Denoting by A' the 
set of elements of A^ whose kernel contains g{s'), for some z in k*. A' is the set of elements of Ik such that 
a{s + zg{s')) = 0. By Lemma 2.9, tA' is contained in g{V). So, by minimality of lA^I, A' = A^ and g{s') is 
in tA,, whence the contradiction since g{s') is in ^(s) \ tA,. As a result, Ia, - s and L = Ia, + L n o, whence 
the corollary. □ 

2.4. Fixed points in Xr under T and R. For V subspace of dimension d of r, denote by Oly the set of 
elements p of 01 such that is contained in V, ry the rank of fky and 3 y its orthogonal complement in t so 
that dim 3 y = d-ry. As Grt/(r) and Xr are projective varieties, the actions of T and R in these varieties have 
fixed points since T and R are connected and solvable. 

Definition 2.11. We say that o has Property (Pi) if for V fixed poinf under T in Xr such fhaf F n t = 3 , 
ry = |fRy|. 

Lemma 2.12. Suppose that 0 has Property (P). Let V be in Grrf(r). 

(i) The element V is a fixed point under T in Xr if and only ifV is a commutative subalgebra of x and 

pe'Rv 

In this case, ry = |fky|. 

(ii) The element V is a fixed point under R in Xr if and only ifV is a commutative ideal of x and 3 is the 
orthogonal complement ofOly in t. In this case, ry = |fky| = (f. 

Proof If F is a fixed poinf under T, 

F = Fnt©0 (/. 

pe-Rv 

(i) Suppose fhaf F is a fixed poinf under T in A/j \ {t}. Then Oiy is nof empfy. Lef s be an elemenf of 
3y such fhaf p{s) 7 !^ 0 if yS is nof a linear combination of elemenfs of IRy. Then F is confained in xL So, 
by Properly (P), F is in A-'.t. By Lemmma 2.6(i), 3 y is fhe center of r^. Hence 3 y is confained in F and 
3y = F n t since F n t is confained in 3y. As a resull, 3y has dimension d - |lky| and ry = |lky|. 

Conversely, suppose fhaf F is a commutative algebra and 

F - 3y © 0 a^. 
peRv 
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Set: 

ttv := Op, I'y := t © Cly. 
pe'Rv 

Then ay is a commutative Lie algebra and ay is in C^. Moreover, 3 y is the center of ry by Lemma 2.1(i). 
By Lemma 2.3(ii), V is in the closure of the orbit of t under the action of the adjoint group of ry in Grt;(ry), 
whence the assertion. 

(ii) The element V of Gr^(r) is a fixed point under R if and only if V is an ideal of r. So, by (i), the 
condition is sufficient. Suppose that L is a fixed point under the action of R in Xr. By (i), 

V - 3y © 0 a^. 

fieOlv 

As V is an ideal of r, jy is contained in the kernel of all elements of Ik so that 3 y = 3 . In particular, |IRy| = (f 
and the elements of Iky are linearly independent. □ 

2.5. On some varieties related to Xr. Let a' be an ideal of r of dimension dim a - 1 and contained in a. As 
a subalgebra of a normalized by t, a' is in C'. Denote by r' the subalgebra t + a' of r. A' and R' the connected 
closed subgroups of R whose Lie algebras are ad a' and adr' respectively. Let Xr’ be the closure in Gr^(r) of 
the orbit of t under R' and or the element of Ik such that 


a = a' © a". 


For d in Ik denote again by 6 the character of T whose differential at the identity is adx 1 —> 6 (x). 

Setting: 

^d-i,d,d,d+i ■= Grd_i(r) X Grd(r) x Gr^Cr) x Gr^+iCr) and ®d-u,d+i ■= Grd_i(r) x Gr^Cr) x Gr^+i(r), 
denote by 0 q, and 6^ the maps 

0 

k X A'-^^ ^d-hd,d,d+i , iz,g) I—> {g.ia, g.i,gtxp{za&Xa).i,g.{\ + a“)), 

A'-, g I—> {g.ia, g.i, g.{i + 0 ")). 

Let la and Sa be the closures in Grrf_i(r) and Gr^+i(r) of the orbits of to, and t + a“ under A' respectively. 

Lemma 2.13. Let T and T' be the closures in ®d-i,d,d,d+i cmd iS)ii-\ 44 +\ of the images ofBa ond 6^. 

(i) The varieties T and T' have dimension n and n — \ respectively. Moreover, they are invariant under the 
diagonal actions ofR' in ^d-\ 44 ,dv\ and ^d-\ 44 v\. 

(ii) The image ofT by the first, second, third and fourth projections are equal to la, Xr', Xr, S a respec¬ 
tively. 

(iii) The set T' is the image o/T by the projection 

®d-i444vi -^-- ®d-i44vi , (Vi, F', F, IF) ^ (Fi, F', IF). 

(iv) For all (Fi, F', F, IF) in T, Fi is contained in F' n F and F' + F is contained in IF. 

(v) Let (Fi, V', V, W) be in T such that V' is contained in G + Then W is contained in ta + a. 

(vi) Let (Fi, V', V, W) be in T such that V is not contained in t„ + a. Then W is not commutative. 

Proof (i) The maps 0 q, and 0^ are injective since t is the normalizer of t in r by Condition (1), whence 
dimT = n and dimT' - n - For (z, g, k) in k x A' x A', Qaiz, kg) = k.Qaiz, g) and Q'aikg) = k.Q'„{g). Hence 
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r and r' are invariant under the diagonal aetion of A' in ^d-\ 444 +i and (^d-\ 44 +i- Let k be in T. For all 
{z, in k X A', 

kg.ta = kgk~^(ia), kg.i = kgk^^{i), 
kg.{i + a“) = kgk~^ .{i + o“), %exp(zadxQ,).t = kgk~^ exp(za(^)adxQ,).t 

so that the images of 0 q. and 9^ are invariant under T, whenee the assertion. 

(ii) Sinee Grrf(r), Grrf_i(r), Grrf+i(r) are projeetive varieties, the images of F by the first, seeond, third 
and fourth projeetions are elosed subsets of their target varieties. Sinee the image of 0 q, is eontained in 
the elosed subset la X Xri X Xr X Sa of ff>d-\ 444 +i, they are eontained in la, Xr>, Xr and Sa respeetively. 
By definition, R'.ia, R 'and R'.{i + o“) are eontained in the images of F by the first, seeond and fourth 
projeetions and R.i is eontained in the image of F by the third projeetion sinee A is the image of k x A' by 
the map (z, g) i-> gexp(zadxQ,), whenee the assertion. 

(iii) As Grrf(r) is a projeetive variety, nT(F) is a elosed subset of ff)d-\ 44 +i eontaining the image of 9^ 

sinee moQaiz, g) = S'aig) for all (z, in k x A'. Moreover, F is eontained in whenee F' = nT(F). 

(iv) The subset F of elements (Fi, V', V, W) of ff>d-i 444 +i sueh that Vi is eontained in V' and V and sueh 
that V' and V are eontained in W, is elosed. For all (z, p) in k x A', 

^exp(zadxQ,).(t + a“) = ^.(t + a“). 

Henee the image of 0 q, and F are eontained in F so that Vi and F + F' are eontained in F' n F and IF 
respeetively for all (Fi, V', V, IF) in F. 

(v) Denote by F* the elosure in Grrf(r) x Grrf+i(r) of the image of the map 

A' -^ Grd(r) x Gr^+iCr) , g i—> (^(t), g{i + a")). 

For all (Ti, T', T, T 2 ) in the image of 9 q,, (T', T 2 ) is in the image of 9 q, *. Then F* is the image of F by the 
projeetion 

^d-U44^i -- Grrf(r) x Gr^+iCr) , (Ti, T', T, T 2 ) ^ (T', T 2 ). 

Denote by r the quotient morphism 

r- xia' = t + a“ . 

For g in A' and x in r, Tog{x) - t{x). Set: 

X := [{g, t, z, z^ v,w) € A' xta xk^ xx' Xf, \ V = g{zs + t), w = g{zs + t + z' Xa)} 
and denote by Y the elosure in r' x r of the image of X by the eanonieal projeetion 

A' X ftt X k^ X r' X r-^ r' x r . 

As for all {g, t, z, z', v, w) in X, 

t{v) = zs + t and t{w) = zs + t + zxa, 
a°noT{v) = ao7x°T(w) 

for all {v, w) in Y. By definition, for all (T, T') in F*, T x T' is eontained in Y. By hypothesis, V' is eontained 
in the kernel of a°7: and (F', IF) is in F*. Henee IF is eontained in the kernel of a^n. 

(vi) Denote by F' the elosure in ^d-i 444 ^\ x Gri(r) of the image of the map 

ei. 

k X A'-^ ^d-\444+i X Gri(r) , (z, g) ^ (0a(z, g), 9 (a“)) 
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and r'* the closure in Gr^(r') x Gri(r) of the image of the map 


A' 


■ Gr^(r') X Gri(r) , g ^(a"). 


For all (Ti, T', T, T2, T^) in the image of 6^ T'+T^ is contained in T2. Then so is it for all (Ti, T', T, T2, T'^) 

in F'. As ^d-\,d,d,d-ir\ and Gri(r) are projective varieties, F and F'^ are the images of F' by the projections 

X Gri(r) -- ^d-U44^\ > T, T 2 , T') ^ {T,, T', T, T 2 ), 

{TuT',T,T2,T^)^{r,T^) 


®d-i ,d,d,d+\ xGri(r) 
respectively. 

Set: 


- Grrf(r') X Gri(r) , 


X' := {{g, t,z,v,w) € A' xtxkxx' XX \ V = g{t), w = g{zxa)} 
and denote by Y' the closure in r' x r of the image of X' by the canonical projection 

A'xtxkxr'xr-^ r' x r . 


As for all (g, t, z, v, w) in X', 

[v,w] - g{[t,zxa\) = a{t)g{zxa) - a°n{v)w, 

\v, w\ - a°n{v)w for all {v, w) in Y'. By definition, for all {T, T') in F'^, T x T' is contained in Y'. For some 
W in Gri(r), {V\, V, V, W, W') is in F'. By hypothesis, V' is not contained in the kernel of aon. Hence, for 
some V in V' and w in IF \ (0), a°7T{v) + 0 and [y, w\ = a°n{v)w. □ 


Corollary 2.14. Suppose that a' has Property (P). Let s be in t such that r* is contained in a' and 
(Fi, V, V, IF) be in F such that V is contained in and [ 5 , F'] is contained in V'. 

(i) ^IF is not commutative then F' = F and V is in R^.t. 

(ii) Suppose that for some v in a, 5 + 1 ; is in V. Then F' = F and V is in R^.t 

Proof. By Lemma 2.13(ii), F and V' are in Xr and Xr' respectively. 

(i) If F' = F, F is in by Property (P) for o'. Suppose V i^V. A contradiction is expected. Then, by 
Lemma 2.13(iv), for some x and y in IF, 

F = Fi © kx, F' = Fi © ky, IF = Fi © kx © k^. 

Moreover, as F is contained in and [ 5 , F'] c F', IF is contained in r' and we can choose y so that 
[ 5 , y] e ky. Since F and F' are commutative subalgebras of r, [x, y^ 0. We have two cases to consider: 
(a,l) F'is contained in r^, 

(a,2) F' is not contained in r*'. 

(a, 1) By Property (P) for o', s is in F'. Hence s = ty + v fox some in (t, r) in k x Fi. As F is a commutative 
subalgebra of f*, containing Fi and x, 

0 = [x, 5 ] = t[x, y]. 

Then 5 = y is in Fi, whence a contradiction since q:(5) + 0 and Fi is contained in Iq, + a' by Lemma 2.13(ii). 

(a,2) For some a in k*, \_s,y^ = ay. Then y is in a' and F' is contained in + a' since so is Fi. Asa 
result, by Lemma 2.13(v), F and IF are contained in to, + a' since F is contained in a'. As [ 5 , [x, i/]] = a[x, z/], 
[x, y] = by for some b in k* since the eigenspace of eigenvalue a of the restriction of ad s to F' is generated 
by y. Then adx is not nilpotent. Let Xg be in r' such that adxg is the semisimple component of adx. Then 
Xs is in to, + o', [5, Xs\ = 0 and [xg, Fi] = {0} since [5, x] = 0 and [x, Fi] = {0}. Moreover, [axg - bs, y] = 0. 
Then axg - bs is a semisimple element of r' such that [axg - bs, F'] = {0}. As it is conjugate under R' to an 
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element of t by Lemma 2.1(ii), by Property (P) for o', axs - bs is in V, whence a contradiction since V is 
contained in + o' and ax^ - bs is not in t„ + o'. 

(ii) If V = P', P is in by Property (P) for o'. Suppose V V'. A contradiction is expected. As P 
is contained in r', [ 5 , v] = 0. Let x and y be as in (i). As Pi is contained in Iq. + o', 5 + r is not in Pi since 
a{s) + 0. So we can choose 5 + u = x. By (i), W is commutative. Then [s + v,y] = 0 and [ad s, ad^] = 0 since 
ad^ is the semisimple component of ad(5 + v). Hence, by Lemma 2.1(i), [ 5 , y] = 0 since [ 5 , y] is in 0 . As a 
result, P' is contained in since so is Pi. So, by Property (P) for o', s is in P' and IP is not commutative by 
Lemma 2.13(vi), whence a contradiction. □ 

For (Ti, T', T 2 ) in F', denote by the subset of elements {Ti, T', T, T 2 ) of ^d-\,d,d 4 +\ such that T 

is contained in T 2 and contains T\. Then Fj-j j-/j-j is a closed subvariety of *&d-\ 4 ,d,d+i, isomorphic to P^(k). 
Let (Pi, P', P IP) be a fixed point under T of F. 

Lemma 2.15. (i) For some affine open neighborhood O o/(Pi, P', IP) in F', O is invariant under T. 

(ii) For i - 0,... ,n — 2, there exist Yi and Oi such that 

(a) Yi is an irreducible closed subset of dimension n — I - i ofQ, containing (Pi, P', IP) and invariant 
under T, 

(b) Oi is a locally closed subvariety of dimension n — I — i of A', invariant under T by conjugation, 

(c) 0^(0,) is contained in Yi and (Pi, P', P, IP) is in the closure ofBaQ^ x Oi) in F. 

(iii) There exist a smooth projective curve C, an action o/T on C, xi,.. .,Xm in C and two morphisms 

C\{xu...,xJ— - -A', C-^- -F' 

satisfying the following conditions: 

(a) x\,...,Xm are the fixed points under T in C, 

(b) for g in T and x in C \{xi,... ,Xm], p{g-x) = gp{x)g~^ and v{g.x) = g.v{x), 

(C) v(Xl) = (Pl,P',lP), 

(d) (Pi, P', P IP) is in the closure of the image ofk '4{C\[x\,... ,Xm]) by the map (z, x) 1 —> 0q-(z, p(x)). 

Proof (i) As F' is a projective variety with a T action and (Pi, P', IP) is a fixed poinf under T, fhere exisfs 
an affine open neighborhood O of (Pi, P', IP) in F', invarianf under T. 

(ii) Prove fhe asserfion by inducfion on i. For i = 0, T, = O and O, is fhe inverse image of Q. by 
Suppose fhaf P and Oi are known. Lef T' be fhe closure in F of 0„(k x Oi). By Condition (c), F' is invarianf 
under T and 0Q,(k x Oj) is a T-invarianf dense subsef of F'. So, if confains an T-invarianf dense open subsef 
0'^ of F'. As is an orbifal injective morphism, d'^(Oi) is a dense open subsef of F,. Sef: 

z'-=Y[\o\, Z--Yi\e„{0 \), Z, :-an(TZT(Z)UZ'). 

Then Z* is a T-invarianf closed subsef of F,-, confaining (Pi, P', IP). 

Denofe by Z** fhe union of irreducible componenfs of dimension dim F, - 1 of Z* and / fhe union of 
fhe ideals of definilion in k[P] of fhe irreducible componenfs of Z**. Lef p be in k[F,] \ /, semiinvariant 
under T and such that p{{V\, P', VP)) = 0. Denote by F'^j an irreducible component of the nullvariety of 
p in F' n TiT“^(n), containing (Pi, P', P, VP) and Yi+\ the closure in D of tz7(F^._^^). Then Fi.j -1 has dimension 
n - i - \ and its intersection with Q'^iOi) is not empty so that 0,+i Q'^~\Oi n 0^(0;)) is a nonempty 

locally closed subset of dimension n - / - 1 of A'. Moreover, F,+i and Oi+i are invariant under T since p is 
semiinvariant under T. As 0Q,(k x 0,+i) is the intersection of F'^j and 0Q,(k x Oi), it is dense in F'^j so that 
(Pi, P', P, VP) is in the closure of 0Q,(k x 0,+i) and (Pi, P', VP) is in F,+i. 
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(iii) Let F „_2 be the closure of F„_ 2 , C its normalization and v the normalization morphism. Then C is a 
smooth projective curve. As F „_2 is invariant under T, so is F „_2 and there is an action of T on C such that 
V is an equivariant morphism. As the restriction of 0^ to 0„-2 is an isomorphism onto a dense open subset 
of F„_ 2 , the actions of T on F „_2 and C are not trivial since 0^ is equivariant under the actions of T. As a 
result, T has an open orbit O* in F „_2 and F „_2 \ O* is the set of fixed points under T of F „_2 since F „_2 
has dimension 1. Hence the restriction of v to v~\0*) is an isomorphism, C \ v“'(C?*) is finite, its elements 
are fixed under T and fhere exisfs a T-equivarianf morphism ji from fo A' such fhaf 0^°^ = y. As 

(Fi, V, W) is a fixed poinf under T, for some xi in C \ v{x\) = (Fi, F', W) since (Fi, V', W) is in 

y(C). Moreover, (Fi, V', V, W) is in fhe closure of fhe map 

k X (C \ v-\0,)) -- r , (z, X) ^ Qa{z,Kx)) 

since if is in 0Q;(k x On-i)- n 


Denofe by rj fhe morphism 

Tj 

k X (C \ {xi,... ,Xm}) -^ r , (z, x) I —> 0„(z,/r(x)) 

and A fhe closure of fhe graph of 77 in P^(k) x C x T. Lef v be fhe resfricfion fo A of fhe canonical projection 

pi(k) X C X r - ^ p^k) X C 


and for (z, x) in P^(k) x C, lef be fhe subsef of T such fhaf {(z, x)} x is the fiber of v af (z, x). We 
have an acfion of T in P^(k) given by 


t.z := 


a{t)z if z e k* 

z if z e { 0 , cxj} 


Lemma 2.16. Let Ay be the graph of v. 

(i) The set Ay is the image of A by the map (z, x, y) i-> (x, vj{y)). 

(ii) For t in T and (z, x, y) in A, t.(z, x, y) := {t.z, t.x, t.y) is in A. 

(iii) For (z, x) in P^(k) xC, rj is regular at (z, x) if and only ifF^^x has dimension 0. In this case, \F^^x\ = 1- 

(iv) For (z, x) in P^(k) x C \ {0, 00} x {xi, ..., Xm), Jj is regular at (z, x). 

(v) For i = . ,m, there exists a regular map pifrom P^(k) to T such that rjfz) = r]{z, Xi)for all z in k*. 

Moreover, its image is contained in {{v{xi)}) fi L. 


Proof (i) As P^(k) and Grrf(r) are projecfive variefies, fhe image of A by fhe map (z, x, y) i-> (x, m{y)) is a 
closed subsef of C x L' confained in Ay since m°r]{z, x) = y(x) for all (z, x) in k x (C \ {xi,..., x^}), whence 
fhe assertion since fhe inverse image of Ay by fhis map is a closed subsef of P^(k) x C x L confaining fhe 
graph of 77 . 

(ii) From fhe equalify 

texp(zadxQ,)t“^ = exp(a(t)zadxQ,) 
for all {t, z) in T X k, we deduce fhe equalify 


t.r}{z,x) = t.Qa{z,p{x)) = Qa{(x{t)z,p{t.x) - rj{t.z,t.x) 


for all (f,z, x) in T X k X (C \ {xi,..., x„j)) since 0 ^ and p are T-equivarianf, whence fhe assertion. 

(iii) As r is a projecfive variefy, i; is a projecfive morphism. Moreover, if is birafional since A is fhe 
closure of fhe graph of 77 . So, by Zariski’s Main Theorem [H77, Ch. Ill, Corollary 11.4], fhe fibers of v are 
connecfed of dimension 0 or 1 since P^(k) x C is normal of dimension 2. Lef (z, x) be in P'(k) x C such fhaf 
F^^x dimension 0. There exisfs a neighborhood O^ x of (z, x) in P'(k) x C such fhaf Fy has dimension 0 for y 
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in O^ x- In other words, the restriction of v to v^^{0^^x) is a quasi finite morphism. Moreover, it is birational 
and surjective. So, again by Zariski’s Main Theorem [Mu 88 , §9], it is an isomorphism. Hence 77 is regular 
at (z, x). Conversely, if 77 is regular at (z, x), rjiz, x) is an isolated point in F^ x, whence F^ x = [rjiz, x)} since 
F^^x is connected. 

(iv) The variety kx(C\{.ri,... ,Xm}) is an open subset of the smooth variety P^(k)xC and T is aprojective 
variety. Hence 77 has a regular extension to a big open subset of P^(k) x C by [Sh94, Ch. 6 , Theorem 6.1]. 
By Condition (a) of Lemma 2.15(iii), {0, 00 } x {xi,... ,Xm} is the set of fixed poinfs under T in P'(k) x C 
and by (ii), t.r]{z,x) = r]{t.z,t-x) for all {t,z,x) in T x P'(k) x (C \ {x\,... ,Xm})- Hence 77 is regular on 
P'(k) X C \ {0, cxj] X {xi,... ,x„j}. 

(v) The resfricfion of 77 fo k* x {x,} is a regular map from a dense open subsef of fhe smoofh variety 

P^k) X {x/j fo fhe projecfive variety T. So, again by [Sh94, Ch. 6 , Theorem 6.1], fhis map has regular 
extension fo P^(k) x (x,), whence fhe asserfion by (i). □ 

Lef I be fhe sef of indices such fhaf v(x,) = (Vi, V', W). Denote by S fhe image of A by fhe canonical 

projecfion P^(k) x C x T-^ T , Sn its normalization, cr the normalization morphism, and the sets 

of fixed poinfs under T in S and Sn respecfively. Sef 

C* P^(k) X C \ {(0, 00 ) X jxi,... ,x„,]. 

By Lemma 2.15(iv), 77 is a dominant morphism from C* to S, whence a commutative diagram 



since C* is smooth. Let An be the closure in P^(k) x C x Sn of the graph of and V 2 the restriction to An of 
the canonical projection 

pl(k) X C X Sn -^ Sn . 

Lemma 2.17. Suppose V V and V and V contained in 3 + a. 

(i) The variety A is the image of by the map (z, x, y) 1-7 (z, x, cr{y)). 

(ii) The morphism vz is projective and birational. 

(iii) There exists a T-equivariant morphism 

(Sn\Sj) -^- -C* 

such that q°(p is the restriction of cr to \ “^n- 

(iv) For some i in 1, 77 ,( 1 ) is not invariant under T. 

Proof (i) As S is a projective variety, so are Sn, P^k) x C x Sn, An and the image of An by the map 
(z, X, y) (z, X, cr{y)), whence the assertion since the image of the graph of by this map is the graph of 77 . 

(ii) As An is projective so is 02 - Since 0 q, is injective, so is the restriction of 77 to k x (C \ {xi,... ,Xm})- 
Hence V 2 is birational. 

(iii) By (ii) and Zariski’s Main Theorem [H77, Ch. Ill, Corollary 11.4], the fibers of V 2 are connected. For 
yinSn\Sj and (z, x) in P^(k) xC such fhaf {z,x,y) is in An, ru°cr{y) - v(x) by (i). If xis nof in {xi,... ,Xm}, 

(?irocr(77)) = {x} by Condifion (b) of Lemma 2. 15(iii) and z is fhe elemenf of k such fhaf 0 q-(z, p{x)) = cr{y). 
Suppose X = Xi for some i = . ,m. Lef z and z' be in k* such fhaf (z, x,-, y) and (z', x,-, y) are in An. Then 

(z, Xi, cr{y)) and (z', x,-, cr{y)) are in A. By Lemma 2. 16,(iii) and (iv), cr(y) = q{z, x,) = q{z', x,). For some t 
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in T, t! - t.z so that l.cr{y) - cr{y). As y is not invariant under T so is criy) since the fibers of cr are finite. 
Hence the stabilizer of cr{y) in T is finite and so is the fiber of V 2 af y. As a resulf, fhe resfricfion of V 2 to 
An \ P^(k) X C X 5 J is an injective morphism. So, again by Zariski’s Main Theorem [Mu 88 , §9], this map 
is an isomorphism, whence a morphism 

(Sn\ST) - ^. 

Moreover, tp is T-equivariant since so is V 2 - For in Sn such that (T{y) - r]{z, x) for some (z, x) in k* x (C \ 
{xi,..., Xm}), (z, X, y) is the unique element of An above y. Hence yop = cr. 

(iv) Suppose that for all i in I, 77 ,( 1 ) is invariant under T. A contradiction is expected. As F V', 

V\ = V and V + V' = Why Lemma 2.13(iv). Moreover, since V and W are contained in 3 + a, for some 
jS and y in '31, 

V ^Vi + oP and F' - Fj + a^. 

Then is invariant under T. More precisely, is a union of one orbit of dimension 1 and the set 

{(Fi, V', V', IF), (Fi, V', F, IF)} of fixed points. As a result, is equal to {(Fi, V', V', IF), (Fi, V', F, IF)} 

or Ty^yy sincc S is invariant under T. By Lemma 2. 16,(ii) and (v), for i in I, 77 ,(P^(k)) is equal to 
(Fi, V', V', IF) or (Fi, F', F, IF) since v(x,) = (Fi, V', IF). 

Suppose Ty^yy 0 5= {(Fi, F', F', W), (Fi, F', F, IF)}. By Lemma 2.16,(v) and (hi), for all i in I, 77 is 
regular at (0, x,) and ( 00 , x,) since v(x,) = (Fi, F', IF), whence 

lim 77 ,( 0 ) - (Fi, V', V', IF) and lim 77 ,( 00 ) = (Fi, V', F, IF), 

Z->0 Z-»oo 

whence a contradiction. 

Suppose Ty, y/vr n S = Fy, y/vy. Let y be in Sn such that 

(r(y) e ry,yy \ {(Fj, F', F', IF), (Fi, F', F, IF)}. 

By (iii), for some i in I and some z in k*, <p{t.y) = {t.z,Xi) and t.criy) - l.r]{z,Xi) = t.rjiiz) for all t in T, 
whence a contradiction since (Fi, V', V', W) and (Fi, V', V, W) are in T.cr(y). □ 

Corollary 2.18. Let (Fi, V', V, W) be a fixed point under T o/T such that Fnt = F'nt = 3 . Then V = F. 

Proof. Suppose V V. A. contradiction is expected. By Lemma 2.13(iv), Fi = F D F' and IF = F + F'. 

As F n t = F' n t = 3 , F and V are contained in 3 + a. So, for some fim'Ji and 7 in IR \ {a}, 

F - Fi © and F' - Fi © a^. 

since (Fi, V, V, IF) is invariant under T. By Lemma 2.17(iv), for some i in /, 77 ,( 1 ) is not fixed under T. 
Then, by Lemma 2.13(ii), 77 ,(P^(k)) = Ty, y/vy- Denofing by r]iiz )3 the third component of rjiiz), for all z in 
P^(k), Fi is contained in r]i(z )3 and T]i{z )3 is contained in IF. Hence for some a in k*, 

ViWs = Fi © k(x ;3 + axy) and T]i{a{t ))3 = Fi © k.(Ji{t)xp + y{t)axy) 

for all t in T. For some t\ and t 2 in T, for all 5 in IR, 5{t\) and 5 {t2) are positive rational numbers and 

a(ti) > 1, a{t 2 ) > 1, fi{h) < yih), fi{t 2 ) > y{t 2 )- 

Then 

lim Fi © k.(fi{t\)xi 3 + y{t\)axy) = Fi © a’’', lim Fi © k.{fi{t!f)xp + y{t'f)axy) = Fi © a^, 

k—^oo k —^00 

lim r]i(a(t\) = lim yfait^f) ^ 77 ,( 00 ), 

k—^oo k—*oo 

whence F = F' and the contradiction. □ 
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2.6. Property (P) and Property (Pi). In this subsection we suppose that all objects of CJ of dimension 
smaller than n has Property (P). For V a fixed point of Xr under T, denote by Ay the orthogonal complement 
to 3 y in IR and set: 

I’y I’Ai/’ '■= ^Ay- 

Lemma 2.19. Let V be a fixed point under T in Xr. 

(i) The action ofRy in Ry-V has fixed points. For Voc, such a point, 

Poo = F n t © 0^, |lRy| = |fRy„|, ry > ry^. 

(ii) The set IRy has rank at least |lRy| - 1. 

(hi) Suppose that a has Property (Pi). Then 'Ry has rank |lRy|. 

(iv) If a has Property (Pi), for s in t such that V is contained in x^, V is in R^.t 

Proof (i) As Ry.V is a projective variety and Ry is connected and solvable, Ry has fixed poinfs in Ry.V. 
Denofe by Vco such a poinf. Since V is fixed under T, 

F = Fnt©0 (/. 

pe'Rv 

Moreover, F n f is confained in 3 y since F is commutative. By Lemma 2.6(ii), jy is the center of ry. Hence 
F n t is contained in all element of Ry.V. Moreover, all element of Ry.V is contained in F fi t + oai/. Then 

Foo - F n t © 0 oP, 

ySEOtvoo 

whence |fRy| = |lRy„|. Since Ry^ is contained in Ay and xy = d - dimjy, ry ^ ry^. 

(ii) By (i), we can suppose that F is invariant under Ry. By Lemma 2.5, oaj, is contained in an ideal a' of 
r of dimension dimo - 1 and contained in o. We then use the notations of Lemma 2.13. Set Fy TiT“^(F). 
By Lemma 2.13(i), Fy is a projective variety invariant under Ry since so is F. Then Ry has a fixed poinf in 
Fy. Lef (Fi, F', F, IF) be such a poinf. As a' has Property (P), by Lemma 2.12(i), 

F' - 3y' © 0 

and fhe elemenfs of Ry are linearly independenf. 

If F' = F fhen Ry = Ry so fhaf ry = xy - |fRy|. Suppose V' V . Then, by Lemma 2.13(iv), 

Fi = 3v' n F n t © xP . 

As Fi has codimension 1 in F and F', Ry - Ry or 3 y' = F n t. In fhe firsl case, ry = |lRy| and in fhe second 
case, 

|fRy n Ry \ — IfRyl — 1 — |fRy'| — 1, 

whence ry > |fRy| - 1 since fhe elemenfs of Ry> are linearly independenf. 

(iii) Prove fhe asserfion by inducfion on dim 3 y. If 3 y = 3 , fhen ry = |fRy| by Property (Pi). Suppose 
dim 3 y = dim 3 + 1 and F n t = 3 . Then |fRy| = cfi and ry = d* - 1. By Properfy (Pi), if is impossible. Hence 
F n t = 3 y since F n t is confained in 3 y. As a resulf ry = |fRy|. 

Suppose dim 3 y > 2 + dims, the asserfion frue for fhe infegers smaller fhan dimsy and ry < |fRy|. A 
confradicfion is expected. By (ii), F n t has dimension af teas! dimsy - 1. Then, for some a in IR, F n t„ 
is stricfly confained in F n t. Lef A be fhe orfhogonal complemenf fo 3 y n Iq, in fR. As 7 ?a-F is a projecfive 
variefy and R\ is connected, /?a has a fixed poinf in Ra-V. Lef Foo be such a poinf. By Lemma 2.6(ii), 
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3 y n to- is the center of x\. Hence V n to. is contained in all element of Ra-V. Moreover, all element of Ra-V 
is contained in V n t + Oa- As Voo is an ideal of Ta, V n t is not contained in Voo since it is not contained in 
the kernel of a. Then 

Voo = V n t„ © 0 a^. 

By (ii), rv„ > |3?y„| - 1, whence 

dimjy,^ < dim T n to, + 1 = dim T n t < dimjy. 

So, by induction hypothesis, |3?y^| = ry^ and 3 y_^ = V nta- Since 3 y n to, is the center of ta, 3 y n to- is 
contained in 3 y__^, whence 

dim 3 y - 1 < dim V (Ma = dim T n t - 1 . 

As a result, 3 y = T n t since V D t is contained in 3 y, whence a contradiction. 

(iv) Suppose that a has Property (Pi). By (hi), 

^ = 3y ® 0 

and ry = |3?y|. As a result, the centralizer of P in t is equal to 3 y. Set 

Qy - > ly := t + a'y. 

ySeDtv 

Denote by Ry the connected closed subgroup of R whose Lie algebra is adr'^,. The algebra is in C' and 
has dimension d - dim 3 y. Then, by Lemma 2.3(ii), V is in Ry.t, whence the assertion since r'^ is contained 
in r^'. □ 

Corollary 2.20. Suppose that a has Property (Pi). Then a has Property (P). 

Proof. Let V be in and 5 in t \ 3 such that V is contained in r'*. As T.L is a projective variety and T is 
a connected commutative group, T has a fixed point in T.V. Let Loo be such a point. Since all element of 
T.L is contained in r^, so is Loo- Then, by Lemma 2.19(iv), Loo is in A^.t. In particular, s is in Loo- Let E a 
complement to Loo in r, invariant under T. The map 

Hom]t(Loo,£■)- - -^ Grrf(r) , (f 1 —> /r(^) := span({t; + ip{v) \ v e Loo)) 

is an isomorphism onto an open neighborhood Q.e of Loo in Gr^(r). For (p in Hom]t(Loo, £") such that K{(p) 
is in T.L, ip{s) is in o'*. Then, for some g in T and for some v in af s + v is in g(V) and the semisimple 
component of ad (5 + v) is different from 0 since s is not in 3 . Let x be in such that adx is the semisimple 
component of ad (5 + v). By Lemma 2. l(ii), for some k in Rf k{x) is in t. Then, by Corollary 2.14(ii), kg{V) 
is in R^^P.i. As k{x) is not in 3 , is an object of of dimension smaller than n. By hypothesis, has 
Property (P). Moreover, kg{V) is contained in r** n . Hence, by Property (P) for kg{V) is in R^.t, 
whence L is in R^.t since kg is in /?■*. □ 

Proposition 2.21. The objects of Q[ have Property (P). 

Proof Prove by induction on n that a has Property (P). By Lemma 2.8, it is true for n - (f. Suppose that it 
is true for the integers smaller than n. By Corollary 2.20, it remains to prove that a has Property (Pi). 

Suppose that a has not Property (Pi). A contradiction is expected. For some fixed point L under T in Xr 
such that L n f = 3 , ry 7^^ |fRy|. By Lemma 2. 19(ii), ry = |fRy| - 1. Then the orthogonal complement of fRy 
in t is generated by 3 and an element 5 in t \ 3 . In particular, L is contained in r^. According to Lemma 2.5, 
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for some ideal o' of codimension 1 of a, normalized by t, a* is contained in o'. Denote by a the element of 
3? such that 

0 - o' © a" 

and consider 6„ and T as in Subsection 2.5. Denote by Fy the set of elements of F whose image by the 
projection 

F-- Grrf(r) , {TuT',T,T 2 ) ^ T 

is equal to V. By Lemma 2.13(ii), Fy is not empty and it is invariant under T by Lemma 2.13(i). As 
it is a projective variety, it has a fixed point under T. Denote by (Vi, V', V, W) such a point. As o' has 
Property (P), it has Property (Pi) by Lemma 2.12. Hence ry^ = |fRy/| and V' V since ry t fRy. Then, by 
Lemma 2.13(iv), 

Vi = VnV' and IF = F' + V. 

As a result, F'nt = Fnt = 3 since + fRy and Vi has codimension 1 in F and F'. Then F' = F by 
Corollary 2.18, whence a contradiction. □ 

The following corollary results from Proposition 2.21, Corollary 2.10 and Lemma 2.12. 

Corollary 2.22. Let V be in Xr. 

(i) The space V is a commutative algebraic subalgebra ofx and for some subset A of'Ll, the biggest torus 
contained in V is conjugate to tA under R. 

(ii) IfV is a fixed point under R, then V is an ideal oft and the elements ofRy linearly independent. 

3. Solvable algebras and main varieties 

Let t be a vector space of positive dimension d and a in Ct. Set: 

fR IRya, r rya n- := R ■= Rt.a, A := Aya, £ := fit.a? n := dim a. 

In this section, we give some results on the singular locus of Xr. For a' in St, denote by „ the subset of 
elements of Xr^^, contained in a'. 

3.1. Subvarieties of Xr. Denote by Tc(3?) the set of complete subsets of IR and for A in (Pc(3?) denote by 
Xr^ the closure in Grd(r) of the orbit /?A.t. 

Proposition 3.1. Let Z be an irreducible closed subset ofXR, invariant under R. 

(i) For a well defined complete subset A of% all element of a dense open subset ofZ is conjugate under 
R to the sum o/tA and a subspace of a. 

(ii) All element ofZ is contained in Ia © a. 

(iii) For some irreducible closed subset Za ofXR^, invariant under 7?a. R Za A dense in Z. 

Proof (i) For A in let be the subset of elements F of Z such that 7r(F) = Since Z is invariant 

under R, so is Fa. Moreover, by Corollary 2.22(i), 

fZcFaU \J Fa'. 

A'eTc{:k) 

A'DA 

According to Corollary 2.22(i), Z is the union of Fa, A e Tc(lR). As a result, since IR is finite and Z is irre¬ 
ducible, for a well defined complete subset A of fR, Fa contains a dense open subset of Z. By Lemma 2.1 (v), 
all element of Fa is conjugate under R to the sum of Ia and a subspace of a. 

(ii) By (i), for all F in a dense subset of Z, F is contained in Ia © a, whence the assertion. 
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(iii) Let Z* be the subset of elements of Z, containing Ia- Denote by s an element of Ia such that a{s) + 0 
for all a in 3? \ A. By Lemma 2.6(i), 

= t© ua. 

Hence Z* is contained in by Proposition 2.21. Moreover, Z* is invariant under R\ since Z is invariant 
under R. By (i), R.Zt is dense in Z. So, for some irreducible component Za of Z*, R.Z\ is dense in Z. 
Moreover, Za is invariant under /?a since so is Z*. □ 

For A in IPc(^). denote by t* a complement to Ia in t and set: 

rl:-tl + aA. 

Let 7?^ be the adjoint group of r* and A* the connected closed subgroup of whose Lie algebra is aduA. 


Lemma 3.2. Let A be in lPc(3?), nonempty and strictly contained in fR. 

(i) The tori Ia and have positive dimension and qa is in Cj#. Moreover, 

*'A 

dim Oa - dim t* < dim o - dim t. 

(ii) The map F i— > F © Ia A an isomorphism from onto Xr^. 

'a 

Proof. Since A is a complete subset of 3? strictly contained in IR, tA has positive dimension and since A is 
not empty, Ia is strictly contained in t. By definition, A is the set of weights of t in qa so that oa is in Cj. 
Then oa is in Cj# and Assertion (ii) results from Corollary 2.2. 

By Lemma 2.1,(i) and (iv), 3? generates t*. Hence 

|A| + dimtA < |3?|. 

By Condition (2) of Section 2, a has dimension |fR| and Oa has dimension |A|. As a result, 

dim a - dim t = |3?| - dimtA - dimt^ > dim qa - dimt*. 


□ 


3.2. Smooth points of Xr and commutators. Denote by treg the complement in t to the union of to,, a € 3? 
and Treg the set of elements a: of r such that has minimal dimension. 

Lemma 3.3. (i) The set tieg is a dense open subset of t, contained in rjeg- Moreover, R.feg A a dense open 
subset ofx. 

(ii) For all x in treg, P is in Xr. 

(iii) The set treg is a big open subset ofx. 

Proof, (i) By definition, treg is a dense open subset of t. According to Lemma 2.6(i), for x in Feg, F = t. 
Then R.x = A.x = x + a since A.x is a closed subset of .r + a of dimension dim a. As a result, 7?.treg = Leg + a 
is a dense open subset of r. Hence 7?.treg is contained in treg since is conjugate to t for all x in 7?.treg and 
treg is a dense open subset of r. 

(ii) By (i), for all x in treg, x^ has dimension d, whence a regular map 

Q 

I'reg ^ Grr;(r) , X I > t . 

As a result, by (i), for all x in treg, x^ is in Xr. 

(iii) Suppose that Treg is not a big open subset of r. A contradiction is expected. Let X be an irreducible 
component of codimension 1 of r \ treg. Since X n A.Leg is empty, 7r(X) is contained in t„ for some a in r. 
Then X = t„ + a since X has codimension 1 in r. By Condition (3) of Section 2, for some 5 in t„, yis) + 0 for 

18 



all y in 3? \ {a}. Then = Iq, + o“ so that 5 + ;Cq, is in r^g by (i) and Condition (2) of Section 2, whence 
the contradiction. □ 


Denote by X'^ the image of 6 . 

Proposition 3.4. (i) The complement to R.i in Xr is equidimensional of dimension dim a — 1. 

(ii) The set is a smooth open subset ofX^, containing R.i. 

Proof, (i) As R is solvable and R.i is dense in Xr, R.i is an affine open subset of Xr. So, by [EGAIV, 
Corollaire 21.12.7], Xr \ R.i is equidimensional of dimension dim a - 1 since Xr has dimension dim a. 

(ii) By definition, £ is the subvariety of elements (V, x) of x r such that a: is in V. Let T be the image 
of the graph of G by the isomorphism 

r X Grrf(r) -- Gr^(r) x r , (x,V)^ (V, x). 

Then T is the intersection of £ and Xr x Treg- Since T is isomorphic to r^eg, T is a smooth open subset of £ 
whose image by the bundle projection is Xjj. As a result, Xjj is a smooth open subset of Xr by [MA86, Ch. 
8, Theorem 23.7]. □ 


For a in IR, set Va := t^ 0 0 " and denote by the map 

da 

k-^ Grrf(r) , z 1 —> exp(zadxQ.)(t), 

By Condition (2) of Section 2, Va has dimension d. 

Lemma 3.5. Let a be in (R. Set XR^a A.Lq.. 

(i) The map 6a has a regular extension to (k) such that 9a{°°) - Va. 

(ii) The variety XR a has dimension dim a — 1 and it is an irreducible component ofXR \ R.i. 

(iii) The intersection Xr o H Xjj is not empty. 


Proof, (i) Let ha be in t such that a{ha) = 1. Since Xr is a projective variety, the map 9a has a regular 
extension to P^(k) by [Sh94, Ch. 6, Theorem 6.1]. For z in k, 

9a(.f) “ fo: ® k(/ZQ. — ZXaf 

Hence 9a{°o) - Va- 

(ii) By (i), XR a is contained in Xr and its elements are contained in to- 0 a so that X« „ is contained in 
Xr \ R.i. By Condition (3) of Section 2, for y in (R \ {a} and v in a^, [Iq,, v] = ku so that no element of 
normalizes Va. Asa result, the normalizer of Va in r is equal to t + a“ so that XR^a has dimension dim a - 1. 
Hence X« „ is an irreducible component Xr \ R.i. 

(iii) According to Condition (3) of Section 2, for some 5 in ia, yis) t 0 for all y in lR\{Qr}. Then Va = 

so that 5 + Xq, is in treg, whence the assertion. □ 


3.3. On the singular locus of Xr. In this subsection we suppose dim a > d and we fix an ideal a' of 
codimension 1 in a, normalized by t and such thaf a' is in St. For example, all ideal of r of dimension 
dim a - 1, contained in a and containing a fixed point under R in Xr is in St by Corollary 2.22(ii). Set: 


r' := q.a' 

Let Of be in 3? such that 


n \ = 




R' :=Ri,a', A':=Aty, 3?':= 3?t,a'. 


a - a' 0 a“ 


and T as in Subsection 2.5. Denote by nri, m 2 , m^,, m^ the restrictions to T of the first, second, third, fourth 
projections. Let Z be an irreducible component of XR a. According to Lemma 2.13(ii), for some irreducible 
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component T of vj^{T) - Z. Denote by Z' the image of T by ct 2 and by T\ the image of T by 

the projection Tcrixtir 4 . Then Z' and T\ are irreducible closed subsets of Grrf(r) and Gr^_i(r) x Grrf+i(r) 
respectively. Let Tq be the subset of elements (Vi, V, V, W) of T such that V' = V. Then Tq is a closed 
subset of T. If Tq = T,Z' - Z and Z is contained in Otherwise, O := T \ To is a dense open subset of 
T. According to Lemma 2.13(iv), for all (Vi, V', V, IT) in 0,'V\ = V C^V and T' + T = IT. Denote by 0\ an 
open subset of Ti, contained and dense in tlJy 'xvj^iO). 

Let (Ti, W) be in 0\. Denote by £ a complement to Vi in r and by E' a complement to IT in r contained 
in E. Let k be the map 

Homk(Ti ,WnE)x Homk(lT, E') — -- Grrf_i(r) x Grd+i(r) , 

((f, ij/) I—> (span({i) + ip{v) + \ v € Ti}), span({t; + t//{v) \ v e VT))). 

Then k is an isomorphism from its source to an open neighborhood of (Ti, IT) in the subvariety of elements 
(ITi, IT 2 ) of Grd_i(r) x Gr^+i(r) such that ITi is contained in IT 2 . Denote by Q. the inverse image by k of the 
intersection of T 1 and the image of k. Let {e\, 62 ) be a basis of IT n £" and let /r* be the map 

a X (k2 \ {(0,0)1) -- Grrf(r) , 

xi,X 2 ) I—> span({j; + (p{v) + if/iv) + | y £ Ti) U {xi{ei + (A(ci)) + .^ 2(^2 + Hei))})- 

Lemma 3.6. Suppose that O is not empty. Denote by Q. the image of and Z the closure ofQ in Grrf(r). 

(i) The intersections Q.C\Z' and G n Z are dense in Z' and Z respectively. In particular Z' and Z are 
contained in Z. 

(ii) Eor V in G, there exists (V', V") in Z' xZ such that 

V' nV" cV, T c T' + V”, iV' n V", V' + V") £ /f(G). 

(iii) Let E' be the fiber of at some element V of KfLl). Denote by E the subset of elements {ip, >]/) of 
G such that V contains the first component of K{(p, if) and is contained in the second component of K{ip, if). 
Then E' - E X k*(xi, X 2 )/or some (xi, X 2 ) in k^ \ {(0,0)}. 

(iv) The varieties Z and Z have dimension at most dimZ' + 1. 

Proof, (i) Since T is irreducible so are Ti and G. Hence Z is irreducible. For some {V, V) in Z' x Z, Vi is 
contained in V' and V and V' and V are contained in IT. Since a:(G) is an open neighbourhood of (Ti, IT) in 
Tu 

t3T2(Tn'i X-07“^(/(-(G)) n T) and 'nT 3 ('nTi x'nT 4 ^(/('(G)) n T) 

are dense subsets of Z' and Z respectively. For all {ip,if) in G, all element of TD' 2 (m'i x'nj^^{K{ip,if)) n T) 
contains the first component of ic{ip, if) and is contained in the second component of K{ip, if). Hence all 
element of t(T 2 (Trri x'nT 4 ^(/('(G)) n T) is in the image of /c*. As a result, G n Z' is dense in Z' and Z' is 
contained in Z. In the same way, G n Z is dense in Z and Z is contained in Z. 

(ii) According to Lemma 2. 13(iv), for all (Tj, T', T, VT') in 0,V[ = T'nTandlT' = V' + V. By definition, 
/(■(G) is contained in m\ xm^iO) and for V in G, Tj c V and T c IT' for some (T', IT') in /(-(G), whence the 
assertion. 

(iii) For (ip, if) in E and for (xi, X 2 ) in k^ \ {(0,0)) such that 

V = /C*((^,(A,Xi,X2), 

the subset of elements (yi , 1 / 2 ) of k^ such that (ip, if, yi, ^ 2 ) is in E' is equal to k*.(xi, X 2 ). Moreover, for all 
(ip, if, yi,y 2 ) in E', {ip, if) is in E, whence the assertion. 
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(iv) In (iii), we can choose V such that F' has minimal dimension so that 

dimZ = dim Q + 2 - (dimF + 1) = dim O - dimF + 1. 

By (ii), for some W in Z', for all {ip, ijf) in F, V' contains the first component of K{ip, (A) and is contained in 
the second component of K{ip, ip). So, again by (iii) and (ii), 

dimZ' ^ dimQ - dimF, 

whence dimZ < dimZ' + 1 and dimZ < dimZ' + 1 since Z is contained in Z by (i). □ 

Proposition 3.7. The variety ^ has dimension at most n — d. 

Proof. Prove this by induction on n. According to Lemma 2.3(ii), it is true for n- d = 0. Suppose that n-d 
is positive and that it is true for all integer smaller than n-d. In particular, X^’a has dimension at most 
n-d - 1. Let Z be an irreducible component of Xr ^- According to Lemma 2.13(ii), for some irreducible 
component T of '(Z), mjiT) = Z. Denote by Z' the image of T by ruj. Let To be the subset of elements 
(Li, V, V, W) of T such that V = V. Consider the following cases: 

(a) To = T, 

(b) To i^T and Z' is contained in Xr/ ^, 

(c) Z' is not contained in Xr' 

(a) In this case, Z' = Z and dimZ < n - <i - 1 by induction hypothesis. 

(b) By induction hypothesis, dimZ' n - d - \ and by Lemma 3.6(iv), dimZ < dimZ' + 1, whence 
dimZ n - d. 

(c) In this case, Tq T, whence dimZ < dimZ' + 1 by Lemma 3.6(iv). Since Z is an irreducible 
component of Xr ^, Z is invariant under R. By Lemma 2.13(i), W 2 and Wi are equivariant under the action 
of /?' in r so that T and Z' are invariant under /?'. For all (Vi, V, V, VF) in T \ To, Vi = V' D V. Hence all 
element of a dense open subset of Z' contains a subspace of dimension <i- 1 of a'. Then, by Proposition 3.1, 
for some complete subset A of IR' such that Ia has dimension 1 and for some closed subset Za of Xr^, 7?'.Za 
is dense in Z' so that 

dimZ' < dimZA + dim a' - dimOA. 

If dim qa - dimt +1 = n-d, then A = fR'. In this case, since a' is in Ct. A generates t*. As Ia has dimension 
1, it is impossible. As a result, 

dimZA < dim qa - dimt + 1 and dimZ' <,n - d 

by Lemma 3.2 and induction hypothesis for Oa. Then dimZ < n - r/ + 1. According to Lemma 3.6,(i) and 
(iv), Z is an irreducible variety of dimension at most dimZ' + 1, containing Z' and Z. If dimZ' - n- d and 
dimZ - n - d + \, then Z = Z. In particular, Z' is contained in Z. It is impossible since all element of Z is 
contained in o. As a result, dimZ n - d, whence the proposition. □ 

Corollary 3.8. (i) The irreducible components o/Xr \ R.t are the Xr a £ IR. 

(ii) The set X^ is a smooth big open subset o/Xr, containing R.t. 

Proof. According to Proposition 3.4(ii) and Lemma 3.5(iii), Assertion (ii) results from Assertion (i). Prove 
Assertion (i) by induction on n = dim a. For n - d - \ hy Lemma 2.1,(i) and (iv) so that Xr is the union 
of R.t and a", whence Assertion (i) in this case. Suppose n > 2 and the assertion true for the integers smaller 
than n. By Lemma 2.1(i), Condition (2) and Condition (3) of Section 2,d^2. According to Lemma 3.5(ii), 
for all a in IR, Xr q, is an irreducible component of Xr \ R.t. Let Z be an irreducible component of Xr \ R.t. 
By Proposition 3.4(i), Z has dimension n - 1. So, by Proposition 3.7, Z is not contained in Xr ^. Moreover, 
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Z is invariant under R. Then, by Proposition 3.1, for some complete subset A of 3?, strictly contained in 3? 

and for some irreducible closed subset Za of invariant under /?A^ R Z\ is dense in Z. By Lemma 3.2, 

Qa is in S(# and Za is the image of a closed subset Z^ of , invariant by 7?^, by the map V L © Ia. 

Since Za is contained in Z, z;n is empty. As A is strictly contained in 3?, dimOA is smaller than n. 

So, by induction hypothesis, for some a in A, Z' is contained in As a result, Za and Z are contained 

1\ 

in Xr q,, whence Z = „ since Z is an irreducible component of Xr \ Ri. □ 

4. Normality for solvable Lie algebras 
L et t be a vector space of positive dimension d and a in Ct- Set: 

3? 3?t,a, r:^rt,a n ■= R := R^, A := At,a, £ := £t,a, n := dima. 

The goal of the section is to prove that X« is normal and Cohen-Macaulay. 

4.1. The case dim a = dimt. By Condition (2) of Section 2, 31 has d elements ,lid linearly indepen¬ 
dent. Denote by 1 1 ,..., the dual basis in t. For i - 1 ,..., <7, let e, be a generator of oP'. 

Lemma 4.1. ^dima = dimt then Xr is a smooth variety. Moreover, for all (zi,... ,Zd) in the subspace 
generated by v\ + z\t\,... ,Vd + Zdtd A in Xr. 

Proof. According to Lemma 2.3, a is in in Xr and the map 

k"'-^ Xr , {zi,...,Zd)^ span({Ei -i- zifi,. ..,Vd + ZdXdf) 

is an isomorphism onto an open neighborhood of a in Xr. Hence a is a smooth point of Xr. By Corol¬ 
lary 2.22, R has only one fixed point o in Xr. Since for all V in Xr, R has a fixed point in R.V and X/?sni is an 
open subset of Xr, invariant under R, Xr = X^s^- 

4.2. Cohen-Macaulayness property for some algebras. Let A* be an integral domain and a local com¬ 
mutative k-algebra with maximal ideal m and ui,... ,Us a regular sequence in A* of elements of m. Let 
T\,... ,Ts he. indeterminates. Set Bg A^fTi,...,T^] and denote by and P' the ideals of Bs generated 
by the sequences UjTj^ - u^Tj, 1 < j,k ^ s and ujTi - u\Tj, \ j s respectively. 

Lemma 4.2. The ideal Pg is a prime ideal of B^. 

Proof. For a = 1, P^ = {0}. Suppose a ^ 2. Let P be the ideal of generated by P^. For 1 < j,k s, 

TfujTk - UkTj) ^ TkiujTi - uxTj) + TfuiTk - UkTf). 

Hence P is the ideal of generated by P'. Setting S j := Py/Pi for j - 2,..., s, denote by C the 

polynomial algebra A*[S 2 ,...,SJ over A* so that P^fP"'] = C[Pi,Pj”'] and P is the ideal of P^fP"'] 
generated hy uj - u\S j, j = 2,..., s. 

Claim 4.3. Let Q be the ideal of C generated by Uj - u\S j, j = 2,..., s. Then Q is prime. 

Proof. [Proof of Claim 4.3] Let Q be the ideal of generated by Q. Then Q is prime since it is 

generated by UjU~^ -S j, j = 2,..., s. As a result, for p and qinC such that pq is in Q, for some nonnegative 
integer m, u'^p or u'"q is in Q. So it remains to prove that for pmC, p is in Q if so is uip. 

Let p be in C such that u\p is in Q. For some ^ in C, 

s s s 

uip = '^qfuj - UlS j) whence ^^qjUj-O with qi :=-{p +'^q jS j). 

3=2 3=1 3=2 
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By hypothesis, the sequence ui,... ,Us is regular in C. So for some sequence 1 ^ j,k s in C such that 

j,k — 


for 7 = 1,..., 5. As a result, 


S 

k=i 


U\p= Yfj=2'^k=l^h^'^k{Uj-U\S j) 

— ~ ^‘j—2 ^‘k—\ ^J-kkikn]S j 

— — UiS j) + ^2^j<k^s k]j,k{^jSk ~ ^kS j)). 


For 2 < j,k <: s, 
whence the claim. 


UjSk- UkS j = {uj - uiS j)Sk - (uk - uiSk)Sj e Q, 


□ 


By the claim, F is a prime ideal of Bi[rj"^] since it is generated by Q. As a result for p and q in Bs such 
that pq is in Ps, for some nonnegative integer m, T^p or T’^q is in F' since riF^ is contained in P' by the 
equality 

TiiujTk - UkTj) = TkiujTi - uiTj) + Tj{u\Tk - UkT\) 
for 1 < i, j < s. So it remains to prove that for p in p is in P^ if Pip is in P'. 

Let p be in Bs such that Pip is in P'. For some r 2 ,..., in Bs, 

S 

Tip = rjiujTi - uiTj). 

,/=2 


For j = 2,..., s, rj has an expansion 

rj = rjfl + 

with rjfi and rjj in P' A*[r 2 ,..., P^] and Bs respectively. Set: 

P' ■= P-^rjjiujTi -uiTj). 
j=2 


Then 


so that the element 


is divisible by Pi in Bs, whence 


Pip' ^ ^ rjfiiujTi - uiTj) 
,/=2 


Y^rjflUiTj e B's 

2=2 


Yj ^ 0- 

2=2 


As P 2 , ..., Ts is a regular sequence in Bs, for some sequence rjko, 2 < j,k sinBs such that rjko = -Vk /o 
for alio; A:), 

OP - Y ^jTfiTk 

k=2 
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for 7 = 2,..., s. Then 

Tip'= ^ rj^k,oTk{ujTi-uiTj) = Ti ^ rjxoiTkUj - Tjut). 

2 < j,k^s 2< j<k^s 

As a result p' and p are in P^, whence the lemma. □ 

Denote by P” the ideal of Bs generated by Ps-i and UsT\-u\Ts. Let 23^ and be the quotients of Bs by 

Ps and P" respectively. The restrictions to A* of the quotient morphisms Bs -^ 23' and Bs -23^ 

are embeddings. For j = 1,..., 5, denote again by Tj its images in 23' and 23^ by these morphisms. 

Lemma 4.4. Denote by Ps the image in 23' of Pg by the quotient morphism. 

(i) The intersection of Ps and ri23' is equal to {0). 

(ii) The iB's-modules T 1 23' and 23^ are isomorphic. 

Proof. Let a be in Bs such that Tia is in Ps. According to Lemma 4.2, Ps is a prime ideal of Bs. Hence a is 
in Ps since Ti is not in Ps. Moreover, for j = 1, • • •, ■5', 

TfujTs - UsTj) = Ts{ujTi - uiTj) + TjiuiTs - UsTi). 

Hence is contained in P”. As a result, Ps is the kernel of the endomorphism a i-> Tia of 23' and the 
intersection of Ps and ri23' is equal to {0}. As 23^ is the quotient of 23' by Ps, the endomorphism a i-> Tia 
defines through the quotient an isomorphism 

23,--ri23; 

of 23'-modules. □ 

Let Qs be the ideal of the polynomial algebra A^[T 2 ,..., T,] generated by the sequence UiTj^ - uj^Ti, 2 < 
i,k ^ s and denote by 23f the quotient of A*[r 2 » ■ ■ ■ ^ F,] by Qs. 

Lemma 4.5. (i) The quotient of the algebra 23,/ri23, by the ideal generated by u\ is equal to the quotient 
of'B^s ideal generated by ui. 

(ii) The canonical map A*-s- 23,/ri23, is an embedding. 

(hi) The ideal ofiBsITiiBs generated by ui is isomorphic to A* 

Proof. Denote by 2' the ideal of P, generated by P, and T\. 

(i) As the ideal of P, generated by 2' and ui is equal to the ideal generated by ui, Pj and Qs, 23^/Mi23f 
is equal to the quotient of 23,/ri23, by the ideal generated by ui. 

(ii) Since the intersection of A* and 2' is equal to (0), the canonical map A*-23,/Pi23, is an 

embedding. 

(hi) For k - 2,..., s, uiTkis in Qf Hence miP, is contained in the sum of uiA* and Qf As a result, uiA* 
is equal to uj 23,/ri 23, by (ii), whence the assertion since A* is an integral domain. □ 

Proposition 4.6. Suppose that A* is Cohen-Macaulay. 

(i) The algebra 23, is an integral domain and a Cohen-Macaulay algebra of dimension dimA* -I- 1. 

(ii) For ai,...,am regular sequence in A* of elements of m an for p prime ideal of IBs containing it, 
ai,..., am is a regular sequence in the localization of 23, at p. 

Proof, (i) Prove the assertion by induction on s. As 23i is the polynomial algebra A*[Pi], the assertion 
is true for 5 = 1 since A* an integral domain and a Cohen-Macaulay algebra. Suppose the assertion true 
for 5-1. By induction hypothesis, 23,_i[r,] is an integral domain and a Cohen-Macaulay algebra as a 
polynomial algebra over 23,_i and its dimension is equal to dimA* -i- 2. As a result, 23' is Cohen-Macaulay 
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of dimension dim A* + 1 as the quotient of the integral domain and a Cohen-Macaulay algebra by 

the ideal generated by TsU\ - T\Us. As 58^ is the quotient of by Pg, has dimension at most dimA* + 1. 
By Lemma 4.2, 23is an integral domain so that 23 ^/ 71 23^ has dimension at most dimA*. 

By induction hypothesis again, 23f is an integral domain and a Cohen- Macaulay algebra of dimension 
dimA* + 1. Hence 23f/Mi23f is Cohen-Macaulay of dimension dimA*. According to Lemma 4.5, we have a 
short exact sequence 

0-^ A*-^ ®,/ri 23,-^ ^ 0 . 

Hence the algebra 23,/ri23, is Cohen-Macaulay of dimension dimA* since A* and 23f/Mi23^ are Cohen- 
Macaulay of dimension dimA* and 23,/ri23, has dimension at most dimA*. As a result, 23, has dimension 
dimA* -I- 1. As 23, is the quotient of 23' by P,, we have a short exact sequence 

0 —- T, + ri23; —- 23; —- 23,/ri23, —-o . 

Then, setting M := P, -i- Ti 23; and denoting by M* the localization of M at a maximal ideal of 23;, containing 
Tu 

Ext-'Ck, M*) = 0 

for j < dimA* since 23; and 23,/ri23, have dimension dimA* -i- 1 and dimA*. By Lemma 4.4(i), M is the 
direct sum E, and ri23;. So, denoting by (ri23;)* the localization of ri23; at a maximal ideal of 23;, 

ExL(k, (ri23;)*) = 0 

for j < dimA* since (ri23;)* is the localization of 23; at this maximal ideal when it does not contain Ti. As 
a result, by Lemma 4.4(ii), 23, is Cohen-Macaulay since it has dimension dimA* -i- 1. 

(ii) Let q be a minimal prime ideal of 23„ containing a\,... ,am- Since A* is embedded in 23,, q n A* is a 
prime ideal of A* containing a\,... ,am- As A* is Cohen-Macaulay and a\,... ,am is a regular sequence in 
A*, q n A* has height at least m and A*/q n A* has dimension at most dimA* - m by [MA 86 , Ch. 6 , Theorem 
17.4]. Then 23,/q has dimension at most dimA* + I - m since the fraction field of 23,/q is generated by the 

fraction field of A*/q n A* and the image of Ti by the quotient morphism B,-^ 23,/q . As a result, by 

(i) and [MA 86 , Ch. 6 , Theorem 17.4], q has height at least m. As a minimal prime ideal of 23, containing 
m elements, q has height at most m. Hence all minimal prime ideal of 23,, containing ai,... ,a,„, has height 
m. So, by (i) and [MA 86 , Ch. 6 , Theorem 17.4], ai,..., is a regular sequence in the localization of 23, at 

p. □ 

4.3. Normality and Cohen-Macaulayness property for Xr. Let Vq be a fixed point under the action of 
R in Xr and /3i,... the elements of Olvg. By Corollary 2.22(ii), /3\,... ,13d is a basis of t*. Let t\,.. .,td 
be the dual basis. Denote by m the codimension of Vq in a. According to Lie’s Theorem, for m > 0, the 
elements 71 ,... ,y,„ of fR \ {j 6 i,... can be ordered so that 

a; Eo ® ® • • • ® 

is an algebra of codimension m-ioi a for i - I,... ,m. Set: 

IR .— IR \ { 7 ni}, tt — O-ifi—i, r .— tt .— TTt as R ■— u', A .— At u', 

m 

i=\ 

Denote by k the map 

HomkCEo, E ® t) — - -^ Grd(r) , (f> \—> span({t; - 1 - \ v e Eq})- 
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Then k is an isomorphism from HomjtCTo, £" © t) onto an affine open neighbourhood of Vq in Grrf(r). More¬ 
over, there is a short exaet sequenee 

0-s- Homjt(Vo, ^XyJ -s- HomitCTo, £" © t) —^ Hom]t(To, E' © t)-^ 0 . 

Let n and O' be the inverse images by k of the interseetions of the image of k with and Xr’ respeetively. 
For ipmQ. and i = 1,.. .,d 

d m 

<p(vi) = ^ -I- ^ aij{<fi)Xyj 

i=l j=l 

SO that the Zij’s, 1 < /, y < r/ and the atj’s, 1 < / < d and 1 < y < m are regular funetions on Q.. 

Let tj/ be the map 

*A 

k X Q'-^ Xr , {s, tp) I—> exp(i'adxy„).A-(^). 

Lemma 4.7. Let O be the subset of elements {s, tp) oft x Q' such that >]/{s, (p) is in k{LI). 

(i) The subset O o/k x Of is open and contains {0} x Q.'. 

(ii) The map 

O -^ Q , {s, ip) I-> K~^o^{s, ip) 

is a birational morphism from O to Q. In particular, the function (s,(p) s is in k(Q). 


Proof (i) As k{D.) is an open neighborhood of Vq in Xr, O is an open subset of k x G', eontaining {0} X Q' 
sinee i/^ is a regular map sueh that i/^(0, ip) - K{(p) for all ^ in Q'. 

(ii) Let Of be the subset of elements ^ of Q sueh that K{(p) is in A.t. Then Qh is a dense open subset of O. 
Let O' be the inverse image of Qf by f. Let {s, ip) and {s', ip') be in O' sueh that t]j{s, ip) - f{s', ip'), that is 

exp(5adxy„).A:(^) = exp(/adxy„).A:(^') whenee exp((5 - s')a.dxy^).K{ip) = K{ip'). 

Aeeording to the above notations, for / = \,... ,d, 

d m—\ 

Tivi) = ^ Zij{(p)tj + ^ aij((p)xyj. 

j=i y=i 


Sinee K{(p) is in A.t, 


det([z,j(^), 1 < i,j ^d])i=0. 


For i- l,...,d. 


d 


d 


exp((5 - s')adxyj{^ Zij{ip)tj) = ^ Zi,j{(p)tj - 
y=i i=i 


d 

{s-s'){Y^ Zij{ip)7m{tj))Xy„. 

J=l 


For some y, ym{tj) + 0, whenee s = s' sinee K{ip') is eontained in r'. Asa result, the restrietion of f to O' is 
injeetive, whenee the assertion sinee is a dominant morphism. □ 


For i = ,d and y in t*, denote by Ui^y the funetion on Q., 

Ui.j := Zi,\y{t\) -I- • • • -I- Zi,dy{td)- 

Let 21 be the subalgebra of k[Q] generated by the funetions Z(,y’s, 1 ^ i,j ^ d and a,j’s, 1 < / < r/ and 
1 < y < m - 1. 
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Lemma 4.8. Let t be the restriction morphism from Q to Q.'. 

(i) The restriction of i to is an isomorphism onto k[n']. 

(ii) For 1 < i, j < d, - Uj,y„ai,m is equal to 0. 

(iii) For i = I,... ,d and y in t*, ifyiti) 0 then Ui^y is different from 0. 

Proof (i) For 1 < i, j < d, denote by z' j the restriction of Zij to Q.' and for 1 < / < r/ and 1 < j ^ m - I 
denote by a'-j the restriction of aij to Q'. Since k[n'] is generated by the functions 

z[j, 1 ^ i,j ^ d and aF, 1 < / < J, 1 < j ^m - I, 

the restriction of l to is surjective. Let p be the kernel of the restriction of i to ?I. It remains to prove 

P = (O). 

For 1 < /,7 < and k = I,... ,m - I, denote by Zij and di^k the functions on k x Q' such that 

d m-1 

exp(rad.r^„)(f;; + ^ z[j(ip)tj + J] a[^{T)Xyt) - 
;=I k=l 

d d m-1 

sZij{ip)ym{tj)Xy„ + ^di^k{s,(p)Xy,) e Fo- 

;=1 7=1 k=l 

Then Zij and a, are regular functions on k x Q' as restrictions to k x Q' of regular functions on k x 
Hom(Fo> E' ® t)- Let be the subalgebra of k[n'][5] generated by the functions 

Z/j, i,j= I,... ,d and di^k, i = I,... ,d,k = I,... ,m - 1. 

Since zF(sp) - t) and a'.fqp) - a,7i(0, (p) for all ip in O', the restriction to 51 of the quotient morphism 

k[n'][5]-^ k[Q'] is surjective. As a result, 51 has dimension n or n - 1 since Q.' and k[n'][5] have 

dimension n - \ and n respectively. As exp(5adxy„,)(f;,) is not necessarily equal to Vi, 

p°>lr + {zij,dij, 1 < / < d, 1 < 7 < m - 1). 

Moreover, O' is contained in piQ.) by Lemma 4.7(i) but the inclusion may be strict. 

Claim 4.9. The algebra 51 has dimension n- \. 

Proof. [Proof of Claim 4.9] There are two cases to consider: 

(1) for / = 1,..., m - 1, [ai'"', a^''] is contained in Vq, 

(2) for some / in jl,..., m - Ij, [a^"\ ai''] is not contained in Fq- 

In the first case, 51 = k[Q']. Otherwise, denote by j the biggest integer such that [a^"’, a^i] is not contained in 
Fq and aF + Q for some i - . ,d. Then, for some / smaller than j, ym + Jj - yy- Furthermore, for k < j 

such that [o^™, a^*] is not contained in Fq, 7m + y* is in 3? \ {y^,... ,7m}. Then for k > / and i = I,.. .,d, 
( 7 >) in k X Q.', 

dij{s,p) = aF,{ip) + saF{ip). 

As a result, by induction on m - k, for / = 1,..., <i, 

a\ k - ai,k e 551[5]. 

Hence kfO'jf^] = 5l[5] and there exists a surjective morphism k[Q']-^ 51 so that 51 has dimension 

n- 1. □ 
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According to Lemma 4.7(ii), the comorphism of i/^ is an embedding of k[Q] into k[0] and from this em¬ 
bedding results an isomorphism from k(n) onto k(n')(‘^)- Moreover, '21 is the image of 21 by this embedding 
so that 21 has dimension n - 1. As a result, p = {0} since l is surjective and Q' has dimension n - 1. 

(ii) Let if be in O. Since K{ip) is a commutative algebra, for 1 < i, j < d, 


0 ^ [Vi + (fi{Vi),Vj + (fiVj)] = [Vi, (fiVj)] [(p{Vi),Vj] [ip{Vi), ip{Vj)\. 


The component on of the right hand side is 

d 

k=l 


whence the assertion. 

(iii) Denote by Rq the adjoint group of tq t -i- Vq and the closure in Grd(ro) of RqA. Let Qq be the 
inverse image of Xr^ by k. According to Lemma 4.1, for /,y = I,.. .,d, the restriction to Oq of Zij is equal 
to 0 if j i, otherwise it is different from 0. As a result, for / = I,... ,d and y in t*, the restriction of n, y to 
Do is equal to zijyitj) with ~i the restriction of Zij to Dq, whence the assertion. □ 

For y in t*, set: 

ly := Ij e {f,...,d] \y{tj) + 0). 

Proposition 4.10. Denote by k[n]o the localization o/k[D] at 0. 

(i) The local algebra k[D]o is Cohen-Macaulay. 

(ii) For y in t*, u^y, i e ly is a regular sequence in k[D]o of elements of its maximal ideal. 

Proof Prove the proposition by induction on m. By Lemma 4.1, for m = 0, k[n] is a polynomial algebra of 
dimension d, generated by Zi,i,o> • • • ,Zd,d,o- Moreover, for f = I,.. .,d and y in t*, = Zijyiti), whence the 

proposition for m = 0. Suppose m > 0 and the proposition true for m-1 and use the notations of Lemma 4.8. 

According to Lemma 4.8(i) and the induction hypothesis, the localization 21* of 21 at 0 is Cohen-Macaulay 
and for y in t*, Ui^y,i e ly is a regular sequence in 21* of elements of its maximal ideal. Denote by ® the 
polynomial algebra 2I*[r/, i e ly^J and by P the ideal of ® generated by the sequence Uj^y^Tj-Uyy^^Ti, (/, j) e 
/y . According to Condition (3) of Section 2, 5 \lyj ^ 2. By Lemma 4.8(ii), k[Q]o is a quotient of the 
localization at 0 of ®/P and by Lemma 4.2, P is a prime ideal of ®. By Proposition 4.6(i), ®/P is an 
integral domain and a Cohen-Macaulay algebra of dimension n since k[Q'] has dimension n - 1. Hence 
k[n]o is the localization of ®/P at 0 since k[D]o is an integral domain of dimension n. As a result, k[D]o is 
Cohen-Macaulay and by Proposition 4.6(ii), for y in t*, the sequence u^y, i £ ly is regular in k[D]o. □ 

Theorem 4.11. The variety Xr is normal and Cohen-Macaulay. 

Proof. By Corollary 3.8, Xr is smooth in codimension 1. So, by Serre’s normality criterion [Bou98, §l,no 
10, Theoreme 4], it suffices to prove that Xr is Cohen-Macaulay. According to [MA86, Ch. 8, Theorem 
24.5], the set of points x of Xr such that is Cohen-Macaulay, is open. For x in Xr, the closure in Xr of 
R.x contains a fixed point. So it suffices to prove that for x a fixed poinf under fhe action of R in Xr, CIxr,x 
is Cohen-Macaulay. Lef Vq and Q be as in Lemma 4.7. Then D is an affine open neighborhood of Vq in 
Xr. By Proposition 4.10(i), 0n,o is Cohen-Macaulay, whence fhe fheorem since k is an isomorphism from 
D onfo an open neighborhood of Vq in Xr and /c-(O) = Vq. □ 
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4.4. Nipotent cone and regular sequence in Og. Let ySi,... be a basis of t*. For i = . ,d, denote 

again by yS, the element of r* extending fit and equal to 0 on o. For A a complete subset of fR, denote by t* a 
complement to Ia in t and set 

•= and 8 a 8t#,aA- 

For Y closed subset of denote by £a,f the restriction of £a to Y. Let be the image of the map 

„ -- £ , (L X) ^ (F © tA, X) 

Ra-ii 

and ATa the closure in £ of 

Lemma 4.12. For i - I,... ,d, let yS, be the function on £ defined by fifV, x) = fifx). Denote by Af the 
nullvariety offii,... ,fid in £■ 

(i) For all complete subset A of% ATa is a subvariety o/Af of dimension at most n. 

(ii) The varieyt AT is the union o/AT a, A £ TcC^i)- 

(iii) The variety Af is equidimensional of dimension n. 

Proof (i) Since a is the nullvariety of ySi,... ,fid in r, Af is the intersection of £ and Xr x a. By definition 
Af^ is contained in Xr x a. Hence ATa is contained in Af. By Proposition 3.7, 

dimAf^ = dimt* + dimXy?^ „ < dimOA. 

Since the image of Xr’^^^ by the map F F © tA is invariant by 7 ?a, 

dim AfA < dim Af^ + dim a - dim qa < dim a. 

(ii) Let nri be the bundle projection of the vector bundle £ over Xr and ti the restriction to £ of the 

projection Xr x r-^ r . Let T be an irreducible component of Af. For all F in nTi(r), n T) is 

a closed cone of a. Hence vrilT) x {0} is the intersection of T and Xr x (0) so that tu\{T) is a closed subset 
of Xr. Since Af is the intersection of £ and Xr x a, Af and its irreducible components are invariant under 
R. As a result, m\{T) is invariant under R and by Proposition 3.1, for some complete subset A of fR and for 
some closed subset of Za of Xr^, vj\{T) = 7?.Za. Moreover, by Lemma 3.2, for some closed subset Z'^ of 
Xrj^ n, Za is the image of Z^ by the map F F © Ia- As a result, 

£a,z'. £a,x^/ n and nr^ ^(Za) n Xr X o c Af^. 

Then T is contained in Na, whence the assertion by (i). 

(iii) By (i) and (ii), since fR is finite, the irreducible components of Af have dimension at most n. As the 

nullvariety of d functions on the irreducible variety the irreducible components of Af have dimension at 
least n, whence the assertion. □ 

For X in £, denote by the subset of elements i of . ,d] such that Pfx) = 0. 

Corollary 4.13. For all X in £, the sequence yS,, i £ lx is regular in Or.,x- 

Proof According to Lemma 4.12, for all subset / of {1, ■ ■ ■, the nullvariety of yS,, / £ / in £ is equidimen¬ 
sional of dimension n + d - |/|. By Theorem 4.11 and Lemma B.l(iii), £ is Cohen-Macaulay as a vector 
bundle over a Cohen-Macaulay variety, whence the corollary by [MA86, Ch. 6, Theorem 17.4]. □ 
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5. Rational singularities for solvable Lie algebras 

Let t be a vector space of positive dimension d. Denote by Ct,* the full subcategory of Ct whose objects a 
satisfy the following condition: 

(4) there exist regular maps ei,..., from to ly^a such that ei(x),..., s^ix) is a basis of for all a 
in rt,areg- 

According to [Ko63, Theorem 9], u is in 

Lemma 5,1. Let a be in Ct,* and a' an ideal o/t + a, contained in o and containing a fixed point under the 
action ofRt^a in Then a' is in Ct,*. 

Proof. Set r := t + a and r' t + a'. According to Corollary 2.22(ii), a' is in Ct since it is in C^. Set 
ireg Leg ^ t. As 3?t,o' is Contained in lRt,a, treg is contained in r'^g by Lemma 3.3(i). Then r'gg is contained 
in treg and for all a in At,a'.treg, P - since At,a'-Leg is a dense open subset of r' by Lemma 3.3(i). So, 
for all regular map s from r to r such that [a, £(a)] = 0 for all a in r, s{x) is in r' for all a in r', whence the 
lemma. □ 

Let 0 be in Ct,». Set: 

3? fRt,a, r rt,a tt := 7rt,a, R := Rf a, A := At,a, £ := St.a? n-.-Amra. 

The goal of the section is to prove that Xr is Gorenstein with rational singularities. 

For k positive integer, set: 

£® \= {{u, X\, . . . , Xk) ^ Xr X \ U B X\, . . . ,U 3 Xk} 
and denote by Xr^^ the image of £^^i by the projection 

{u,Xl,...,Xk) I-> {Xl,...,Xk). 

Since Xr is a projective variety, is a closed subset of r^, invariant under the diagonal action of R in r*^. 

5.1. Differential forms on some smooth open subsets of Xr^^- For j - 1, ■ • • let F® be the subset of 
elements of Xr^^ whose y'-th component is in treg. 

Lemma 5.2. For j = I,... ,k, is a smooth open subset o/Xr^. Moreover, has a global section 

^ 'j 

without zero. 

Proof. Denoting by cry the automorphism of Xk which permutes the first and the y-th component, XR^k is 
invariant under cry and cry(F|^i) - F® so that we can suppose y = 1. Moreover, for k = I, Xr^^ = so that 
we can suppose A: ^ 2. By definition, F® is the intersection of treg x and Xr^^- Hence f|^^ is an open 
susbet of XR^k since r^g is an open subset of r. 

Let s\,... ,Sd satisfying Condition (4) with respect to r. Let 9 be the map 

d 

Leg X MA:_i,rf(k)-^ , (a, a,-,y, 2 < / < fc, 1 < y < d) I—> (jc, ^ aijSj(x)). 

7=1 

Since for all (a, A 2 , ..., Xk) in vf\ A 2 , ..., al are in r^, 0 is a bijective map onto vf\ The open subset r^eg 
has a cover by open subsets F such that for some ,..., in r, ei (a), ..., Edix), ei,..., is a basis of r for 
all A in F. Then there exist regular functions (pi,... ,(pd onV xx such that 

e 

F - ^ Tj{x, v)£j(x) e span({ei,... ,e„}) 

7=1 
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for all {x, d) in y X r, so that the restriction of 0 to y x M^-i ^(k) is an isomorphism onto n y x r* ' 
whose inverse is 

{xu...,Xk)i —* {xi,i(ipi(xi,Xi),..., (Pdixi, Xi)), i = 2,..., k)) 

As a result, 9 is an isomorphism and is a smooth variety. Since r^g is a smooth open subset of the vector 
space r, there exists a regular differential form co of top degree on r^g x M^_iy(k), without zero. Then 9^(a>) 
is a regular differential form of top degree on vf \ without zero. □ 

For k ^ 2 set: 

yik) y(k) ^ yW and vfl := y® n yf\ 

For 2 ^ k' k, the projection 

, (xi,...,Xk)t — >ixu---,Xk') 

induces the projection 

^R,k -- -- Vp 

for j = . ,k'. 

Lemma 5.3. Suppose k^ 2. Let oj be a regular differential form of top degree on vf \ without zero. Denote 
by a>' its restriction to 

(i) For ip in k[y®], if ip has no zero then ip is in k*. 

(ii) For some invertible element ijj o/k[yj = tko' 2 *(aj'). 

(hi) The function il/{i//°cr 2 ) on y® equal to 1. 

Proof. The existence of to results from Lemma 5.2. 

(i) According to Lemma 5.2, there is an isomorphism 9 from rreg x M,t-i,rf(k) onto Since ip is 
invertible, ip°9 is an invertible element of k[rreg]. According to Lemma 3.3(iii), k[rreg] - k[r]. Hence ip is in 

r. 

(ii) The open subset y |^2 invariant under 0-2 so that co' and cr 2 *(a»') are regular differential forms of top 

degree on y|^ 2 > without zero. Then for some invertible element ip of k[y®]> - <Acr2*(<^0- Let O 2 be the 

set of elements (x, a,j, 1 < / < ^ - 1,1 < j d) of tfeg x ^(k) such that 

ayisiix) + • • • + aijsiix) € r^g. 

Then O 2 is the inverse image of by As a result, k[y®] ^ polynomial algebra over k[yp 2 ] since for 

k = 2,02 is the inverse image by 9 of y|^ 2 - Hence tp is in k[yp 2 ] since p is invertible. 

ik) ' 

(hi) Since the restriction of cr 2 to yj is an involution, 

o-2*{oj') = {poo-2)co' = {pocr2)po-2*{aj'), 

whence {p°cr 2 )p =1. □ 

Corollary 5.4. The function p is invariant under the action ofR in y® kind for some sequence ma,a e 
in Z, 

p{xi, ...,Xk)^± ]~[(a(xi)a(x 2 )"')'"“, 
aeJl 

for all (xi,..., Xk) in t^gg X t^~^. 
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Proof. First of all, since and F® are invariant under the action of R in ^R^k, so is Let g be in R. As 
oj has no zero, g.u) = pgco for some invertible element pg of k[F|*^^]. By Lemma 5.3(i), pg is in k*. Since cr 2 
is a /?-equivariant isomorphism from onto 

g.<T 2 t(oj) = PgO- 2 t{co) and pgOj' = g.a>' = {g.f)g.o-2*{oj') = Pgig.f)o- 2 *{co'), 
whence g-if/ = f. 

The open subset of is the complement to the nullvariety of the function 

(x, i/) 1-^ ]~[ a{x)a{y). 
asD? 

Then, by Lemma 5.3(ii), for some a in k* and for some sequences nia, a e Jl and n^, a € 01 in Z, 

iA(xi,... ,Xjt) = a ]~[ a(xi)™“fr(x2)”“, 
ae3l 

for all (xi,..., Xk) in t^gg x By Lemma 5.3(iii), 

aeJl 

for all (x, y) in t^gg. Hence = 1 and rua + na = 0 for all a in IR. □ 

According to Lemma 3.5(i), for a in IR, 6a is a bijective regular map from P^(k) onto the closed subset Za 
of Xr such that Oai^o) = Va- Recall that Xa is a generator of a“ and ha is an element of t such that a{ha) = 1. 
Denote by t^ the subset of elements x of to, such that y{x) + 0 for all y in fR \ {a}. According to Condition 
(3) of Section 2, t^ is a dense open subset of to,. Let x-a be in r* orthogonal to t + for all y in IR \ {a} and 
such that X-a(Xa) - 1. 

Lemma 5.5. Suppose k^2. Let a be in fR, xq and yo in Set: 

kxQ ©k/zQ, © o“, £■* := xq © k/jQ, © a“, S*,! := xo © k/iQ, © (o“ \ {0}), £*,2 = ?/o © k/zo-© (a" \ {0}). 

(i) For X in £*, r'” is contained in ta + E. 

(ii) For V subspace of dimension dofia + E, V is in Xr if and only if it is in Za- 

(iii) The intersection of E^^i x £"*2 and Xr 2 is the nullvariety of the function 

(x, y) I—> x-a{y)a{x) - x-a{x)a{y) 

on £*4 X £*_2- 

Proof (i) If X is regular semisimple, its component on ha is different from 0 so that = Bail) for some z in 
k. Suppose that x is not regular semisimple. Then x is in xq + a". Hence is contained in to, + £ since so is 

(ii) All element of Za is contained in to, + £. Let F be an element of Xr, contained in to, + £. According to 
Corollary 2.22(i), F is an algebraic commutative subalgebra of dimension d of r. By (i), F = da{z) for some 
z in k if F is in A.t. Otherwise, Xq, is in F. Then F = 9a{°o) since da{°o) is the centralizer of Xq. in to- + £. 

(iii) Let (x, y) be in £*j x £* 2 D By definition, for some F in Xr, x and y are in F. By (i) and (ii), 
F = 6a{z) for some z in P'(k). For z in k, 

X = Xq + sQla - ZX„) and y = yo + s'(ha - ZXa) 

for some s, s' in k, whence the equality of the assertion. For z - 

X = Xq + sxa and y = yo + 
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for some s, s' in k so that a{x) - a(y) = 0. Conversely, let (x, y) be in £*4 x £'* 2 such that 

x-a{y)a{x) - x^a{x)a{y) = 0 . 

If a{x) - 0 then a{y) - 0 and ;c and y are in Va - If o:(x) + 0, then a(y) 0 and 

X-aix) X^a(x) 

X e Oai -—-) and y € da( -— 

a{x) a{x) 

whence the assertion. □ 

Set treg. 

Proposition 5.6. For k positive integer, there exists on a regular differential form of top degree without 
zero. 


Proof For k - it is true since r^g is an open subset of the vector sapce r. So we can suppose k ^ 1. 
According to Corollary 5.4, it suffices to prove - 0 for all a in IR. Indeed, if so, by Corollary 5.4, if - ±\ 
on the open subset R.{t^eg x t^~^) of so that = ±1 on Then, by Lemma 5.3(ii), eo and ±cr 2 *(a;) 
have the same restriction to that there exists a regular differential form of top degree m on whose 

restrictions to and F® are m and ±cr 2 *(m) respectively. Moreover, oj has no zero since so has m. 

Since ij/ is in kfFp^] hy Lemma 5.3(ii), we can suppose k = 2. Let a be in fR, E, £*,£* 1 , £*2 as in 
Lemma 5.3. Suppose t 0. A contradiction is expected. The restriction of if to £*j x £* 2 n 2 given 
by 

ilj{x,y) = ax-aixffx-aiyT, 

with a in k* and (m, n) in 7? since if is an invertible element of kfFp^]- According to Lemma 5.3(iii), n = -m 

( 2 ) 

and a = ±\. Interchanging the role of x and y, we can suppose m in N. For (x, y) in £*1 x £* 2 n FJ ^ such 
that a(x) 0, a(y) 0 and 

if{x,y) = ^ ^aixyMy)-’". 

a{x) 

As a result, by Corollary 5.4, for x in xq + 'k*ha and ^ in ^0 + k*/!^., 

(1) ± a{x)'”a{y)~'” ^ ± ]~[ jixT^yiyT ’''^. 

yetR 


For y in 5?, 


y(x) = y(xo) + a{x)y{ha) and y{y) = y{yo) + a{y)y(ha). 


Since m is in N, 

(2) ± a(x)'” Y\ (y(yo) + a(y)y(ha)ff^ ]~[ (y(xo) + a(x)y(/i„))“'”’' ^ 

yeJ? yeDi 

niy >0 my <0 

±a{y)"‘ ]~[(y(xo) + a{x)y{ha)T^ ]~[(r(?/o) + a{y)y{ha)y'”F 

yeJi ■ye'Ji 

my>Q my<Q 


For nia positive, the terms of lowest degree in (a(x), a{y)) of left and right sides are 

±a{xTa{yT‘‘ ]~[ y{yoT^ ]~[ yCxo)"™^ and ±a{yTa{xT’‘ ]~[ yCxo)™^ j~[ yiyoT"^ 

yed^Vio'} 7e3^\{a'} yG3?\{(2'} ye^R\(Q'} 

my>0 my<0 my>Q my<0 
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respectively and for nia negative, the terms of lowest degree in {a{x), a{y)) of left and right sides are 

±a(^)™ Y\ Jimr n ±a{yr*'-^ f[ yC^o)'”^ f] 


yeJiMtil 

rtJ-y >0 


yeJiMtil 

rtJ-y <0 


yeJiMtil 

my>Q 


yeaJMffl 

my<0 


respectively. From the equality of these terms, we deduce m = ±ma and 


n n ± n n 


yeaJMffl 

my>Q 


yeaJMffl 

my<0 


yeS^Mo-) 

my>0 


ye3i\|[i| 

rtJy<0 


Since the last equality does not depend on the choice of xq and yo in t^, this equality remains true for all 
(.Vo, yo) in to- x t„. Asa result, as the degrees in a(x) of the left and right sides of Equality (2) are the same. 



yelK yeOi 

/ny<0 and y(/ta)^0 Any>0 and y(/tQ')^0 


Suppose m - nta- By Equality (1), 

n yixT^yiy)-'"^ ^ ±1. 
yem»} 

Since this equality does not depend on the choice of xq and yo in t^, it holds for all (x, y) in treg x treg- Hence 
my = 0 for all y in \ {or) and m = 0 by Equality (3). It is impossible since 7 ^ 0. Hence m = -m^- Then, 
by Equality (1) 

7€3t\|Q;l 

Since this equality does not depend on the choice of xq and yo in t^, it holds for all (x, y) in treg x treg- Then 
m = 0, whence the contradiction. □ 


5.2. Rational singularities and Gorensteinness of Xr. Eor Y subvariety of Grrf(r), denote by £,y the re¬ 
striction to Y of the tautological vector bundle of rank d over Gr^^Cr). In particular, for Y contained in Xr, 
Ey is a subvariety of £. Eor k positive integer, denote by and Wk the restrictions to of the canonical 
projections 

Xr X ^ r* and Xr x r* - — -^ Xr . 

Lemma 5.7. (i) The morphism is a projective and birational morphism onto ^R^k- 

(ii) The sets V® and are smooth open subsets o/Xr jc and £®. Moreover, for k ^ 2, they are big 

open subsets of^Rk and 

(iii) The restriction ofTk to is an isomorphism onto 

Proof. Since Xr is a projective variety, Tk is projective and its image is by definition. Eor (.xi, ... ,Xk) 
in E® and {u,x\,... ,xf) in T“^((.ri,... ,Xk)), u - r^‘ if x\ is in treg and u = jf X2 is in treg. As a result, 
the restriction of Tk to is a bijective morphism onto Hence is a birational morphism and 

by Zariski’s Main Theorem [Mu88, §9], this restriction is an isomorphism since is a smooth variety by 
Lemma 5.2. So it remains to prove that for k^2, is a big open subset of £® 

Suppose that £^^^ \ has an irreducible component Z of dimension dim£® - 1. A contradiction 

is expected. Since and Tj^^{Vk) are invariant under the automorphisms of Xr x r*^, 

{u,x\,...,Xk) I—> {u,txi,...,tXk), (tek*), 

so is Z. Then Z n x {0} = vJkiY) x {0} so that nT^(Z) is a closed subset of Xr. Since dimZ = dim £® - 1, 
dimnjjt(Z) > dimA^ - 1. Suppose dimZ = dimA^ - 1. Then for all u in TUk(Y), [u] x u^ is in Z. It is 
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impossible since for all m in a dense open subset of mkC^), u = for some x in r^g by Corollary 3.8. Hence 
'UJi^CL) = Xr. Then for all m in a dense open subset of {u\ x n E has codimension 1 in {u} x u^. Since 
the image of {u} x n E by the projection 

(u, Xl,...,Xk) I-> Xl 

is not dense in u, for all xi in a dense open subset of its image, {u} x {xi} x is contained in E, whence 
the contradiction since u n treg is not empty. □ 

By definition, is the inverse image of Xr by the bundle projection of the vector bundle 

{u,xi,... ,Xk) e Gr^(r) x \ u 3 x\,... ,u 3 Xk) 

over Grd(r) so that is vector bundle of rank kd over Xr. In particular, £*^'^ = £. According to [Hir64], 
there exists a desingulartization T of Xr with morphism p such that the restriction of p to p“'(^Rsm) is an 
isomorphism onto Let £ih be the following fiber producf 

^ £(i) 

mi 

r- ^Xr 

wifh p fhe resfricfion map. Then £(h is a vector bundle of rank d over T. In parficular, if is a smoofh variety 
since T is smoofh. 

Lef O be a frivializafion open subsef of fhe vecfor bundle £^^i and lef Oi be a local frivializafion over O 
of £^’i, whence fhe following commutative diagram 

zjjHO) -^ O X . 

pi'i 

O 

Then O is a trivialization open subset of the vector bundle £^^i. The variety £^^i is a closed subbundle of £^^i 
over Xr and for some local trivialization O over O of we have the following commutative diagram 

vj-\0) - - -^ O X , 

pi'i 

O 

<l)i is the restriction of <1) to and 0(njj'^(0)) = O x k^ x (0). 

Lemma 5.8. Suppose k ^ 2. Denote by p a generator of Q.^kd and by p the restriction of pxid^kd to 
p-\0)xk'^‘^. 

(i) The sheaf klpk)^^ has a global section co without zero. 

(ii) The sheaf Q.q^^ has a global section ojq without zero. 

(iii) For some p in k[G X k^'^] \ {0), p*{p{<jOo A p)) has a regular extension to p~^{0) x k^*^. 

Proof, (i) According to Proposition 5.6 and Lemma 5.7(iii), has a global section without zero. By 

Lemma 5.7(ii), is a smooth big open subset of £®. So, by Lemma A.l, Dpk)^^ has a global section 

without zero. 
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(ii) Since // is a generator of ni-ij, there exists a unique v in k[k^'^] r(Osm 5 ^o^m) ’^^at 


Moreover, v has no zero since so has a>. Let V be an affine open subset of C?sm such that the restriction of 
Oosm *^0 ^ locally free, generated by the local section coy. Then for some py in k[L x k^'^], 

(4) ^ pyOJy A p. 

Then py has no zero since so has vAp. Asa result, py is in k[T] and pyujy is a local section of without 
zero. By the unicity of the decomposition (4), for two different affine open subsets V and W as above, the 
differential forms pyioy and pycoy have the same restriction to L n T'. As a result, since such affine open 
subsets cover Osm^ for some global section ojq of 

^ ^ii- 


Moreover, ojq is unique and has no zero. 

(iii) Let (Ui be a generator of Qj and let p\ be a generator of By (i), loq A //i is a global section of 
f^OsmXk''’ without zero. So for some regular function p on O^m x k^, 

(5) ^ pojo A//1. 

According to Theorem 4.11, is normal. Then so is O and p has a regular extension to O x k^. Denote 
again by p this extension. According to Equality (5), the differential form p*{pa>o A pi) on p“HOsm) x 
has a regular extension to p~^(0) x k'^. In fact, denoting by ffii the local trivialization over p^^(O) of £fL 
such that the following diagram 


(miop-')(0) 


m-\0) 


Ol 


•p-'(0)xk^ 

p 

Oxk^ 


is commutative, it is the restriction to p ^ (C?sm) x k'^ of 

For some generator p' of p = p\ Ap' and k[0 x k^] is naturally embedded in k[C? x k^'^]. As a result, 

p*{pojo A p) has a regular extension to p“^(0) x k*"'. □ 

Proposition 5.9. The variety Xr is Gorenstein with rational singularities. 

Proof. According to Theorem 4.11, Xr is normal and Cohen-Macaulay. Then by Lemma 5.8,(ii) and (iii) 
and Corollary A.5, O x k^"' is Gorenstein with rational singularities. Then so is O by Lemma B. 1 ,(i) and (ii). 
Since there is a cover of Xr by open subsets as O, Xr is Gorenstein with rational singularities. □ 


As already mentioned, u is in whence Theorem 1.1 by Proposition 5.9. 
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Appendix A. Rational Singularities 


Let X be an affine irreducible normal variety. 

Lemma A.l. Let Y be a smooth big open subset ofX. 

(i) All regular differential form of top degree on Y has a unique regular extension to Asm- 

(ii) Suppose that oj is a regular differential form of top degree on Y, without zero. Then the regular 
extension of oj to Xgm has no zero. 

Proof, (i) Since is a locally free module of rank one, there is an affine open cover 0\,... ,0k oi Asm 
such that the restriction of to Oi is a free Oo,-module generated by some section m,. For i = \,.. .,k, 
set O'. O; n Y. Let oi be a regular differential form of top degree on Y. For i = 1, • ■ • ^ k, for some regular 
function a, on O'., a,ai, is the restriction of oj to O'.. As F is a big open subset of A, O', is a big open subset 
of Oj. Hence a, has a regular extension to Oi since O, is normal. Denoting again by a; this extension, for 
1 < i, j < k, ajOJi and ajOJj have the same restriction to O'^ n O', and O,- D Oj since is torsion free as a 
locally free module. Let oj' be the global section of extending the a,m, ’s. Then oj' is a regular extension 
of OJ to Asm and this extension is unique since F is dense in Asm and is torsion free. 

(ii) Suppose that oj has no zero. Let S be the nullvariety of oj' in Asm. If it is not empty, X has codimension 
1 in Asm. As F is a big open subset of A, X D Asm is not empty if so is X. As a result, X is empty. □ 

Denote by i the canonical injection from Asm into A. 

Lemma A.l. Suppose that Ox.^, has a global section oj without zero. Then the Ox-module i*(Qxsm) 
of rank 1. More precisely, the morphism 9: 

Q 

Ox-^ L(Dx,n,) , lA '—^ lAm 

is an isomorphism. 

Proof. For tp a local section of 4(nxsn,) above the open subset U of A, for some regular function f on 
U n Asm, is the restriction of ^ to 17 n Asm. Since A is normal, so is U and U n Asm is a big open subset 
of U. Hence (A has a regular extension to U. As a result, there exists a well defined morphism from 4(Qxsm) 
to Ox whose inverse is 6. □ 

According to [Hir64], A has a desingularization Z with morphism r such that the restriction of r to 
■r^HAsm) is an isomorphism onto Asm. For U open subset of A, denote by tu the restriction of r to t“'(17). 

Proposition A.3. Suppose that X is Cohen-Macaulay and that there exists a morphism p : Oz -^ Liz 

such that for some p in k[A], t*// is an isomorphism onto pTt{Q.z)- Then X has rational singularities. 

The following proof is the weak variation of the proof of [Hi91, Lemma 2.3]. 

Proof. Since Z and A are varieties over k, we have the commutative diagram 

Z-^--A. 



Spec(k) 


According to [H66, V. §10.2], p'(k) and ^'(k) are dualizing complexes over Z and A respectively. Fur¬ 
thermore, by [H66, VII, 3.4] or [Hi91, 4.3,(ii)], p’(k)[-dimZ] equals Liz- Set D := ( 7 '(k)[-dimZ] so that 
t'(!D) = Liz by [H66, VII, 3.4] or [Hi9I, 4.3,(iv)]. In particular, CD is dualizing over A. 
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Since r is a projective morphism, we have the isomorphism 

(6) Rr*(RJfbmz(nz, Qz)) RJfbmz(R(T)*(Qz), 

by [H66, VII, 3.4] or [Hi9I, 4.3,(hi)]. Since W{RJ^omz{i^z, ^z)) = Oz for i = 0 and 0 for i > 0, the left 
hand side of (6) can be identified with Rt*(Oz). 

According to Grauert-Riemenschneider Theorem [GR70], Rt*(Gz) has only cohomology in degree 0. 
Since t is projective and birational and Z is normal, t*(Oz) - Ox- So by assumption of the proposition, 

Rt*(Gz) « —Ox, 

P 

whence 

RJfbmx(R(T)*(Gz), ‘D) « pOx ® 

and (6) can be rewritten as 

(7) Rt*(0z) « pOx ‘D. 

Since X is Cohen-Macaulay, T) has cohomology in only one degree. So, by flatness of the Ox-module pOx, 
pOx ®Ox ® cohomology in only one degree. As a result, by (7), R't*(Oz) - 0 for i > 0, that is X has 
rational singularities. □ 

Denote by M the cohomology in degree 0 of 'D. 

Lemma A.4. Suppose that X has rational singularities. Then the Ox-modules Tt^iO-z) and M are isomor¬ 
phic. In particular, T^^iTlz) has finite injective dimension. 

Proof. Since X has rational singularities, Rt*(Oz) - Ox and T) has only cohomology in degree 0. More¬ 
over, by Grauert-Riemenschneider Theorem [GR70], Rt*(Gz) has only cohomology in degree 0, whence 
RTfiO-z) = t*(Gz)- Then, by (6), we have the isomorphism 

Ox-^ M’omx{{T)fiQ.z),'M) . 

As 2? is dualizing, we have the isomorphism 

ErfiO-z) -^ RJ^omx{RJ^omx{RTfiQ.z), “D), 

whence the isomorphism T*(nz)-M by (6). As a result, t*(Gz) has finite injective dimension since 

so has M. □ 

Corollary A.5. Let Y be a smooth big open subset ofX. Suppose that the following conditions are verified: 

(1) X is Cohen-Macaulay, 

(2) Qy has a global section co without zero, 

(3) for some global section a>z of Q-z and for some p in k[X] \ {0}, the restriction of a>z to t“^(F) is 
equal to pTyito). 

Then X is Gorenstein with rational singularities. Moreover, its canonical module is free of rank 1. 

Proof. According to Lemma A. l(ii), oj has a unique regular extension to Asm and this extension has no zero. 
Denote again by oj this extension. Since Z is irreducible, t“^(T) is dense in T“^(Asm) so that the restriction 
of ojz to T“^(Asm) is equal to pr*^ (oj) since Dz has no torsion. Denote by p the morphism 

Oz- - -^ Liz , T 
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ipOJz. 






Let U be an open subset of X and v a local section of T*(nz) above U. Since cjj has no zero and is an 
isomorphism onto [/sm> 

for some tp in k[[/sm]> whence 

PV\r-HU,^) = 

by Condition (3). Since X is normal, so is U and f/gm is a big open subset of U. Hence ip has a regular 
extension to U. Denoting again by ip this extension, 

pv = ip°Tu{0Jz\r-\U)) 

since Z is irreducible and Qz has no torsion. As a result the morphism 

T*// : T*(Oz)-^ PT*{Qz) 

is an isomorphism since it is obviously injective. So, by Proposition A.3, X has rational singularities. In 
particular, by [KK73, p.50], Then, by Lemma A.2, the canonical module of X is free of 

rank 1 and by Lemma A.4, X is Gorenstein. □ 

Appendix B. About singularities 

In this section we recall a well known result. Let X be a variety and Y a vector bundle over X. Denote by 
T the bundle projection. 

Lemma B.l. (i) IfY is Gorenstein, then X is Gorenstein. 

(ii) The variety X has rational singularities if and only if so has Y. 

(iii) IfX is Cohen-Macaualay, then so is Y. 

Proof Let yh&mY, x \= T{y). Denote by Ox,x and Oy^y the completions of the local rings Ox,x and Oyy 
respectively. 

(i) Since F is a vector bundle over X, Oyy is a ring of formal series over Ox,x- By [Bru, Proposition 
3.L19,(c)], Oyy is Gorenstein. So, by [Bru, Proposition 3.L19,(b)], Ox,x is Gorenstein. Then by [Bru, 
Proposition 3.L19,(c)], Ox.x is Gorenstein, whence the assertion. 

(ii) Since F is a vector bundle over X, then there exists a cover of X by open subsets O, such that t~^{0) is 
isomorphic to (9 x k'” with m = dim F - dimX. According to [KK73, p.50], O x k'" has rational singularities 
if and only if so has O, whence the assertion since a variety has rational singularities if and only it has a 
cover by open subsets having rational singularities. 

(iii) According to [MA86, Ch. 6, Theorem 17.7], a polynomial algebra over a Cohen-Macaulay algebra is 

Cohen-Macaulay. Hence for O open subset of X as in (ii), t“'(( 9) is Cohen-Macaulay, whence the assertion 
since there is a cover of F by open subsets as t“^((9). □ 
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